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Motivations
e Electromagnetism :

An electromagnetic field E that vanishes quickly at infinity can be decomposed
as :

E=B+Vo

® electric potential and B magnetic field which satisfies the Gauss law :

]{B:O = V-B=0

e Incompressible fluid :
Let v be the velocity of a fluid confined in Q C Rd, we have :

d
—V(t):/ v-ﬁ:/ Vv
dt 29(t) Q(t)

Volume variation = Integral of the velocity flux
The incompressibility condition gives :
d .
d ()V,’

EV(t):O = dlv(v):V-v:;aXi:O




More general : Helmholtz-Hodge Decomposition
[Girault-Raviart 86]

e For u € (L2(Q))?, Q c RY a regular open subset, we have :
u=V Ax+Vg+h — unique
with
V- (VAx)=0, VA(Vg =0, V-h=0 and VAh=0

e In terms of spaces, we obtain :

(L2(Q))! = Hai(Q) © Heun(Q) © Hpar(2) — orthogonal sum
where

Hai(Q) = {ue(L2(Q)?; V-u=0and u-i=0ondQ}
n unit outward normal to 99.

Hewr!(Q) = {Vq; g€ H3(Q)} and H;. () ={Vq; g€ H(Q) and Ag = 0}
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Principle of the construction

(i) Starting with 1D regular biorthogonal MRA of L2(0,1) : (V 1, \/Jl)

(ii) Construct a 1D biorthogonal MRA (V?, V?) linked to (V?, V/}) by :
i\/1 VO and L0 71, with 70 C H3(0,1)
dx J dx J J7 J EA
(iii) Construct divergence-free and curl-free MRAs by :
V& = curl[V/ @ V7] and V"' = grad[V/ ® V{]
where : Vd V1 N H3(Q).

— div[curl(u)] =0 and curlgrad(u)] =
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(i) Biorthogonal wavelet bases on [0, 1]

[Monasse-Perrier 98,Talocia-Tabacco 00]

Biorthogonal Multiresolution Analyses (BMRAs) of L%(0,1) :

oV, C--CV,C V- CL?0,1)and Vy € ---C V; C Viyqy--- € L2(0,1)

e UV, = [%(0,1) and UV, = [?(0,1)
oVj>jo, L}0,1)=V,e Vit
e V; =span < cp}e — 2% E(2Jx) Vjk = 22<p(21x - k),(pj{e = 2£<p2(2j —2x) >
- ] « interior scaling functions whose support is included in [0, 1].

- pjb, edge scaling functions at left and gpﬁé edge scaling functions at right.

— the space \~/J has the same structure (edge and interior scaling functions).



(i) Biorthogonal wavelet bases on [0, 1]

Biorthogonal wavelet bases :

e Bases for the detail spaces : W, = Vj N V4 and W = V+1 N Vl
o W, = span < ¢, = 25¢(2/x), ¥jx = 2%¢(2fx — k), 0, = 25 p(2 — 2x) >

— the space VNl/J has the same structure (edge and interior wavelets).

Finite dimensional space :

#Vi=#Vi =l <+oo and #W;=#W; =2



Biorthogonal B-Spline wavelets (3 vanishing moments)
Primal internal scaling function (left) and wavelet (right) :
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Dual internal scaling function (left) and wavelet (right) :
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Biorthogonal Edge Scaling Functions (B-Spline 3.3)

Primal edge scaling functions of V; :
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Dual edge scaling functions of \N/J :
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Biorthogonal Edge Wavelets (B-Spline 3.3)

Primal edge wavelets of W :
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Dual edge wavelets of W/ :
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(ii') BMRAs on [0, 1] linked by differentiation

Malgouyres-Lemarié’s fundamental theorem : [Lemarié 92]

Let (¢, 1) be 1D compactly supported scaling function and wavelet, with
¢! € C1*. There exists (°,1°) compactly supported scaling function and
wavelet such that :

(" () =¢°(x) = ¢’(x = 1) and (¥'(x))" = 44"

The associated spaces in whole R satisfy :

VA R) = VPE) and S W) = WP(R)

For the duals : (¢°(x)) = @*(x + 1) — ¢*(x) and (V°(x)) = —44™.



Quadratic and linear Spline linked by differentiation
Quadratic Spline ' (left) and ' (right) :

Linear Spline ©° (left) and v (right) :




(ii') BMRAs on [0, 1] linked by differentiation

Adaptation to the interval [0, 1] :

e Jouini-Lemarié (1993) provide a theoretical construction that conserves :

d d
d—v1 VP and d—Wl wp
X

e Kadri-Perrier (2010) provide a practical construction that satisfies :

27 (i) = U

— Even for the edge wavelets



Biorthogonal Scaling Functions from derivation/integration
° \/J.O primal edge scaling functions (derivative space) :

° \7j° dual edge scaling functions (integrated space) :




Biorthogonal Wavelets from derivation /integration
° VI/J.0 edge primal wavelet from derivation :
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(iif) Wavelet basis for H4, ()

e Divergence-free Multiresolution Analysis Vj”"’ :
Vj”"’ = span < d>ziv; k € lj2 > >

o Divergence-free scaling functions on [0,1]? :

% = curllpf, @] = i & (P ) eVi=VvinH
ik = Pika © Pjel = (@f{kl)/‘@@ﬁ@ » Pik & Vi =Y

(As £V} = V)
. defv — (le ® \/J.O)x(\/jO ® \/jl) NHaiv(Q) — FWT!
e Anisotropic divergence-free wavelets on [0, 1]? :

2" wl kl ® ¢J2J<2

vy = curl[y? , ® =
Jk [V s Jz,kz] 211¢h o ® UJ2 N

(Jk72j( )/)

i=(1,42), with ji, o > jo.
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(iif) Wavelet basis for H ()

e Curl-free Multiresolution Analysis V¢ -
Vf”” =span < CI);”k"; k € /j2 > j>Jo
e Curl-free scaling functions on [0, 1]? :

(dJkl) ®90sz

o = V[pd, @l ]= ,
J’k [(,Oj,kl gpj,kg] QOJ e ® (YQJ kz)/

(As: V)= V)

d d
Yik €V =

VI H(Q)

— Vi o (V@ VI x(VE @ V) NHE, (Q) — FWT!

e Anisotropic curl-free wavelets on [0, 1]° :

2 Z/h ki ® sz ko (

cur/ =
Vik = = V[¥f 1 @ U5 4] = 2kgpd @Y

i=(1,42), with ji, o > jo.
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Divergence-free vector field analysis (' B-Spline 3.3)
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Figure: Scaling functions coeffs (left) and wavelets coeffs (right) : j = 8.

t.’(‘ “'ﬂ - wai

- 300

— e
100

o o o o

Figure: Residual error on ul and u2 with 22% of the divergence-free coeffs : j = 8.



Divergence-free vector field analysis (¢! B-Spline 3.3)

Non linear approximation :
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Figure: £2 error on uy (left) and u, (right) : logarithmic scale (X axis number of
coefficients retained and Y axis error).
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Helmholtz-Hodge decomposition by wavelets
Practical computation :

U = Ugiy + Ucyrl + Uphar

Then :
W) = e /YD and (/R = (VSR
Searching ugi, and ugyy in the divergence-free and curl-free form :
o div div curl curl
Udivvfzdjk ij and Urot = Zdjk wjk
ik ik

leads to :
(djli;) — dw(<u/wd1v>) and (djmll(rl) _ Mcurl(<u/wcurl>)

Myiv and My, : Gram matrices of bases (llljﬁl‘(’) and (\chuk“) respectively.

s

Uhar = W — Udiy — Ucurl

—— |n periodic, it is easier to use the Fourier basis!



Remarkable property

e In the two dimensional space, we have :

Vu,v e H(Q) /

rot(u) - rot(v) = / Vu - Vv (same property in periodic)
Q Q

Then
— M = Matrix of 2D scalar Laplacian — diagonal preconditioner!
e The tensor structure of bases gives :
[MA(e ) = MIERIR + Rl M

with M and R the mass-matrix and stiffness-matrix of the 1D wavelet basis ( ﬂk).



Example of Helmholtz-Hodge decomposition
eHelmholtz-Hodge decomposition :
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Example of Helmholtz-Hodge decomposition

Curl[(U.w)U] Pression
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Figure: H! and HE error (left), vorticity of (u- V)u = ugiy + V p (center) and the
pressure p (right).

=3

Log2(llu-P (W)

u = curl[cos(47x)x(1 — x) cos(47y)y(1 — y)] € H(Q)
v = curl[sin(47x)x3(1 — x)®sin(47y)y3(1 — y)*] € HY(Q)
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Incompressible Navier-Stokes equations
Cauchy problem for Navier-Stokes :

ov—vAv+ (v-VIv+Vp=f, xeQ, te[0,T]
V-v=0, xe€Q, te][0,T]

v(0,x) = vo(x), x€Q

v=vp x€0Q, te|0,T]

(NS)

Unknowns : velocity v(t, x) and pressure p(t, x)
Projecting (NS) onto Hi, (Q2) yields :
Ov = PlvAv — (v - V)v + f] (NSP)
with IP orthogonal projector from (L?(2))9 to H4, (Q).

The pressure p is recovered through the Helmholtz-Hodge decomposition :

Vp=vAv— (v-V)v+f—PrvAv — (v V)v+f]



New schemes for Navier-Stokes
Time discretization-classical projection method [Chorin 68, Temam 69] :

e Intermediate velocity computation :

% —vAvV* + (v, - Vv, =0, in Q
v* = vy, on 022

e Pressure and velocity computation :

0tAp, 1 —V-v' =0, inQ Vpr1 =V —0tVp, 1, in Q
Vp,y1 =0, on 0Q2 Vpi1 = Vp, on 09



New schemes for Navier-Stokes
Time discretization-classical projection method [Chorin 68, Temam 69] :

e Intermediate velocity computation :

% —vAvV* + (v, - Vv, =0, in Q
v* = vy, on 022
e Pressure and velocity computation :

0tAp, 1 —V-v' =0, inQ
Vp,y1 =0, on 0Q2

Vopl = V5 —0tVp,, 4, in Q
Vpi1 = Vp, on 09

V*(;tv" —VAV* + (v, - Vv, =0, in Q
v* = vy, on 0N

Vpi1 = ]P(V*)




New schemes for Navier-Stokes

Time discretization-classical Gauge method : a =v + Vy

e Intermediate velocity computation :

{ % —vAap + (v, - Vv, =0, in Q

an+1~ﬁ’:vb-ﬁ’, an+1-?:vb-%'+26);"
e Velocity computation :

?XnJrl =V -ap1, in Q
Xnt+1 s
T 0, on 022

Vptl = Apyl — vXn+1

_ Oxna

o7

, on 022



New schemes for Navier-Stokes
Time discretization-classical Gauge method : a =v + Vy

e Intermediate velocity computation :

{ % —vAap + (v, - Vv, =0, in Q

= — - _ - OXn IXn—1
apt1 M =Vp N, Apy1 T =Vp T+2F% — =5, on IQ

e Velocity computation :

Axpt1 =V -api1, in Q
OXnt1 __

T 0, on 09
Vptl = Apyl — vXn+1

A= YAayiy + (Vo V)V, =0, in Q

)
Any1 - N=Vp N, @pyy T =Vp- T—|—28X" — 2=t on 0Q
Vptr1 = ]P)(an+1)




Numerical resolution

e Scale separation :

v(t,x) = 3 d(e) wi(x)
jk

— ODE system on the coefficients [djdi:(t)] in (NSP).
e Classical method for time and space discretization :

- Galerkin method in space with V; = (V! @ V2) x (V0 @ V1),

— At each time step we need to compute the projector P.



Lid Driven Cavity

Validation :

Lid-Driven Cavity Flow (Re=1000)

osf
O [UGhiaetal]data 1+Velocity Profile of Vertical Midsection
02 Modified Projection Method
08
01
06 1

©  [UGhiaetal]data
Modified Projection Method

Uy

Lid-Driven Cavity Flow (Re=1000)
37Ve|ocity Profile of Horizontal Midsection

Velocity profile in mid horizontal (left) and vertical (right) section : Re = 1000
and j = 7 with v, = 1.

Reference : [ U.Ghia et al. 82]



Lid Driven Cavity

Divergence-free scaling coefficients :

Div-free scaling function coefficients : Re = 5000 and mesh size 128 x 128.



Lid Driven Cavity

Complexity analysis :

Coeff Div nulle <eps t=30.0516
0.02 T T T T

0.019 - 4
0.018 - 4
0.017 - 4

0.016 1

0.015

35

Figure: Percentage of divergence-free wavelet coefficients up to € :
,e=16.10"% ¢ =32.10"*



Lid Driven Cavity

Driven cavity with High Reynolds number :

Vorticity evolution : Re = 50000, j = 9 and v, = 16x%(1 — x)?.



Dipole-vortex rebound from a wall

Vorticity evolution : ¥ = 1/4000 and j = 9.
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Conclusion and Outlook

(]

Practical construction of divergence-free and curl-free wavelets

@ Helmholtz-Hodge decomposition with boundary conditions

(4]

Navier-Stokes simulation with physical boundary conditions

(]

Use wavelet adaptativity in Navier-Stokes simulation

Variational multiscale method

(]



Quelques Simulations

Reconnection de vortex :

Vorticité dans le plan de reconnection :

Module de vorticité : j = 6 i=6
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