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Abstract. We continue the analysis of random series associated to the multidimensional
harmonic oscillator −∆ + |x|2 on Rd with d ≥ 2. More precisely we obtain a necessary
and sufficient condition to get the almost sure uniform convergence on the whole space Rd.
It turns out that the same condition gives the almost sure uniform convergence on the
sphere Sd−1 (despite Sd−1 is a zero Lebesgue measure of Rd). From a probabilistic point
of view, our proof adapts a strategy used by the first author for boundaryless Riemannian
compact manifolds. However, we need to develop new and sharp estimates of the spectral
function of −∆ + |x|2.
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1. Introduction

1.1. Description of the results. The present work is the continuation of [IRT16, Ime18,
Ime19] on random linear combinations of eigenfunctions of the multidimensional harmonic
oscillator −∆ + |x|2 acting on Rd. The results of [Ime19, Section 4] applied to the
harmonic oscillator are only sufficient conditions to reach Lp spaces with probability 1.
In the present paper, we shall give necessary and sufficient conditions. In some sense,
Theorem A gives final results accessible via the strategy used in [Ime22] for boundaryless
compact Riemannian manifolds. In the case of harmonic oscillator, we develop new
estimates of its spectral function (see Proposition 1.4 and Section 2 for details).
Before going on the specific case of the harmonic oscillator and detailing the type of
conclusion we are interested in, it is worthwhile to recall the seminal results that lead us
to our study (we refer to the introduction of [Ime22] for a global account on the subject).
The subject had been introduced by Paley and Zygmund in [PZ] and aims to study
properties of random trigonometric functions, in particular they obtained a sufficient
condition on a sequence of coefficients (cn)n≥1 in order to get the almost sure uniform
convergence of random trigonometric series like∑

±cn cos(nx). (1)

The Paley-Zygmund theorem had finally been improved by Salem and Zygmund in [SZ54]
to the following condition

∑
ℓ≥2

1
ℓ
√

log(ℓ)

(∑
n≥ℓ

|cn|2
)1/2

< +∞, (2)

but Salem and Zygmund understood that (2) was not necessary and hence the story did
not end there! Actually, the problem of giving a necessary and sufficient condition had
finally be solved by Dudley and Fernique [Dud67, Fer74] and required further developments
of the theory of Gaussian processes. The problem had then been highly studied by Marcus
and Pisier in the seminal book [MP81] in which random trigonometric series like (1) are
replaced with natural random trigonometric series on compact groups.
In the last twenty years, there was a great motivation to consider random series, specially
Gaussian random series, in the context of studying partial differential equations (like
Schrödinger or wave equations) in a subcritical regime. For our purpose, we have been
motivated by the three following papers (which are more focused on the linear counterpart
of such considerations) by Ayache-Tzvetkov [AT08], Tzvetkov [Tzv09] and Burq-Lebeau
[BL13]. The initial problem by Paley and Zygmund can now be reformulated and general-
ized as follows: if one interprets the trigonometric functions x 7→ cos(nx) as eigenfunctions
of the Laplace-Beltrami operator on the torus T, then we may replace such functions with
eigenfunctions of an elliptic operator on a manifoldM and we ask to give a necessary and
sufficient condition of almost sure uniform convergence on M (one can also consider other
type of convergences).
For the almost sure convergence in Lp for finite p, one may say that the problem is almost
solved at least for some important linear models (see [Ime18]). The case p =∞ turns out
to be much more complicated (see [Ime19, Ime22, BIP24]).
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Let us now give a rigorous definition of the random series we shall use for the harmonic
oscillator

−∆ + |x|2, x ∈ Rd, d ≥ 2.

We denote by (En)n∈N the sequence of its eigenspaces, namely
En = ker((−∆ + |x|2)− (2n + d)) so that L2(Rd) =

⊕
n∈N

En,

in which we denote N = {0, 1, . . . , }. We shall also denote N⋆ = {1, 2, . . . , } in the sequel.
Let B(d, n) be a Hilbert basis of the eigenspace En, which we do not explicit. Let us
therefore write

B(d, n) = {φn,k, 1 ≤ k ≤ dim(En)}. (3)
We merely assume that each φn,k is real-valued. The following asymptotic for the dimension
of the eigenspaces as n→∞ is well-known:

CardB(d, n) = dim(En) ≃ nd−1. (4)

For any real number s, we denote by Hs(Rd) the Sobolev space associated to the harmonic
oscillator consisting of all tempered distributions of the form

f =
∑
n∈N

fn, with fn ∈ En,
∑
n∈N

(1 + n)s∥fn∥2
L2(Rd) <∞.

We associate a random series to f , which we write fG,ω and study under which conditions
it almost surely belongs in Lp(Rd).
In order to define the suitable random series, we shall follow [Ime18, Ime19, Ime22] which
are indeed motivated by the multidimensional considerations of [BL13]. We define1:

fG,ω =
∑
n≥1

fG,ω
n , fG,ω

n (x) =
∥fn∥L2(Rd)√

dim(En)

dim(En)∑
k=1

gn,k(ω)φn,k(x), (5)

in which the (gn,k), n ≥ 0, 1 ≤ k ≤ dim En are i.i.d. real Gaussian random variables with
distribution N (0, 1).
We note that the factor 1√

dim(En)
ensures that the Gaussian vector

1√
dim(En)

(gn,1, . . . , gn,dim(En))

has norm 1 in L2(Ω,Rd). A much deeper reason is that such a Gaussian vector is known to
be, in some sense, comparable to a random vector whose distribution is uniform over the
sphere Sd−1 (see [Ime22, page 755, Proposition 23 and Remark 24] and [Pis89, Page 58]).
As it will be explained in Appendix A, similar computations to the ones carried out in
[Ime18, Theorème 1.4] may prove the following result.

1It turns out that many other methods of randomization can be used and proved to be equivalent (see
[Ime22, Parts 11 and 12]), but we shall not focus on these probabilistic aspects.
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Theorem 1.1. Let us fix p ∈ [1, +∞) and f ∈ ⋃
s∈R
Hs(Rd). The following statements are

equivalent:

(i) the condition ∑
ℓ≥1

ℓ
d
2 −1

( ∑
n≥ℓ

∥fn∥2
L2(Rd)

nd/2

)p/2
< +∞ is satisfied,

(ii) the Gaussian random series
∑

n∈N⋆

fG,ω
n almost surely converges in Lp(Rd).

The endpoint p =∞ requires other ideas. Similarly to Theorem 1.1, the natural remaining
question is whether one can find a necessary and sufficient condition on a tempered
distribution f that ensures that the Gaussian random series ∑ fG,ω

n almost surely converges
in L∞(Rd).
Our main contribution completes [Ime19, Theorem 4.3 with α = 1] and [IRT16, Theorem
2.6] in an optimal way and reads as follows:

Theorem A. Let f ∈ ⋃
s∈R
Hs(Rd) be a tempered distribution. Then the following statements

are equivalent:

(i) the following condition is satisfied
∑
ℓ≥2

1
ℓ
√

log(ℓ)

( +∞∑
n=ℓ

∥fn∥2
L2(Rd)

nd/2

)1/2
< +∞; (6)

(ii) the Gaussian random series
∑
n∈N

fG,ω
n almost surely converges in L∞(Rd);

(iii) the Gaussian random series
∑
n∈N

fG,ω
n almost surely converges in L∞(Sd−1).

Remark 1.2. It is interesting to note that the previous result holds true despite Sd−1 is a
0-Lebesgue measure subset of Rd. A similar phenomenon has been observed in [Ime22,
Theorem 2] for suitable Gaussian random series of eigenfunction of the Laplace-Beltrami
operator on a boundaryless compact manifold. It can be seen from the proof of Theorem A
that one can replace the uniform convergence on Sd−1 with the uniform convergence on
the geodesic S1 × {0}d−2.

Remark 1.3. More interestingly, Theorem A remains true by replacing L∞(Sd) by L∞(RSd)
whatever the positive radius R is (this is also obtained by following the proof). In other
words, if one fixes two different positive radii R1 ̸= R2 then Theorem A shows that the
two following statements are equivalent:

(iv) the Gaussian random series
∑
n∈N

fG,ω
n almost surely converges in L∞(R1Sd−1),

(v) the Gaussian random series
∑
n∈N

fG,ω
n almost surely converges in L∞(R2Sd−1).

Such an equivalence is remarkable since the two spheres R1Sd−1 and R2Sd−2 are disjoint.

1.2. Sketch of the proof of Theorem A. Let us explain the strategy of proof of
Theorem A, and point out the main difficulties.
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To start with, the implication (i) =⇒ (ii) of Theorem A does not pose any real issue. It
is a matter of generalizing a result by Salem and Zygmund [SZ54, Page 291, Theorem
5.1.5] in a modern framework. This is done by exploiting some estimates of [Ime19, Pages
2745-2750]. It is also clear that the implication (ii) =⇒ (iii) is obvious.
Almost all the paper is devoted to prove the implication (iii) =⇒ (i). Let us recall a
few ideas on the study of Gaussian processes (we refer to the seminal book [LT91] or the
introduction [Ime22] for more details):

• Restricting Gaussian processes on compact subsets is often a good idea, as for the
almost sure continuity, a Gaussian process is almost surely continuous on Rd if
and only if it is almost surely continuous on each closed ball centered at 0 (say of
radius being integers). This is actually obvious since an intersection of countable
events of probability 1 has also probability 1.
• If a Gaussian process is defined on a compact subset having a natural group

structure, e.g. a torus, and if the considered Gaussian process is stationary, then a
necessary and sufficient condition for almost sure continuity is the so-called entropic
condition (we refer for instance to [LT91, Chapter 12]).
• Without any assumption of stationarity, one must find another approach. A general

approach initiated by Fernique and highly developed by Talagrand is the theory of
majorizing measures (see [LT91, Chapter 11])). As explained in the introduction
of [Ime22, page 755], one trick may sometimes be used, namely using comparison
theorems of Gaussian processes (Slepian type results) to reduce the analysis to the
stationary case. It turns out that such a strategy can be more amenable than the
use of majorizing measures.
• In any of the above strategies, it has been understood since the paper [Dud67] that

understanding the behavior of a Gaussian process fG,ω is more or less equivalent
to study its so-called Dudley pseudo-distance which we now introduce.

Let us now define the Dudley pseudo-distance denoted below by δ of the Gaussian process
fG,ω. For any (x, y) ∈ Rd × Rd, we set

δ(x, y)2 := E[|fG,ω(x)− fG,ω(y)|2]
=

∑
n≥0

E[fG,ω
n (x)− fG,ω

n (y)|2] by independence

=
∑
n∈N
∥fn∥2

L2(Rd)δn(x, y)2, (7)

where δn(x, y) is a pseudo-distance associated to the eigenspace En and is computed as
follows:

δn(x, y)2 = 1
dim(En)

dim(En)∑
k=1

(φn,k(x)− φn,k(y))2. (8)

In contrast to the analysis of [Ime22, Theorems 8 and 10], it does not seem possible to hope
for two-sided estimates of δn(x, y) in Rd×Rd. This is due to the fact that the eigenfunctions
φn,k of the harmonic oscillator −∆ + |x|2 are known to decay exponentially at infinity.
This is why we may separate distinguish between the allowed region max{|x|, |y|} ≪

√
n
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and the forbidden region min{|x|, |y|} ≫
√

n. We will indeed only work in the first of
these regions.
Before writing our asymptotic estimate of (8), we prefer first explain the intuition that
leads us to the correct conjecture of this asymptotic. First, the Bernstein inequality for the
operator −∆ + |x|2 (see for instance [Ime19, Theorem 5.3]) shows the following inequalities
for any (x, y) ∈ Rd × Rd

|φn,k(x)− φn,k(y)| ≤ C
√

n∥φn,k∥L∞(Rd)|x− y|. (9)
Then, it is important to realize that the best available bound for ∥φn,k∥L∞(Rd) (see for
instance [KT05]) reads

∥φn,k∥L∞(Rd) ≲ n
1
2( d

2 −1), (10)
and is not good enough for our purposes. This stems from the fact that while (10) is a
valid for any eigenfuctions, the quantity in which we are interested in (8) does not depend
on the choice of the Hilbert basis (φn,k)k of En, as this can be directly checked in (8) or
by the rotational invariance of the Gaussian random vector used in (5). An idea is thus
to try to minimize the bound in (10) for a well-chosen basis (φn,k) of eigenfunctions, we
indeed use the generic upper bound2 of [PRT15, Theorem 1.3]: for any n ≥ 2, one has

∥φn,k∥L∞(Rd) ≲

√
log(n)
nd/4 ,

Therefore, combining this with (8) and (9), we obtain the upper-bound

δn(x, y) ≲
√

n|x− y|
nd/4

√
log(n).

Using [Ime18, Proposition 4.1], we may bound (8):

δn(x, y)2 ≤ 4
dim(En) sup

x∈Rd

dim(En)∑
k=1

φn,k(x)2 ≲
1

nd/2 ,

so that we finally arrive at

δn(x, y) ≲ n− d
4 min

(
1,
√

n log(n)|x− y|
)

.

The previous bounds are indeed true for any (x, y) ∈ Rd×Rd but as mentioned before, we
will restrict the couples (x, y) to a subregion of the allowed region in order to obtain lower
bounds. More precisely, we shall prove in Proposition 3.2 that, upon assuming |x− y| ≤ 1
and |x| = |y| = 1, the following two-sided estimates hold true

δn(x, y) ≃ n− d
4 min

(
1,
√

n|x− y|
)

. (11)

These estimates constitute the core of the proof of Theorem A. To get such estimates, one
needs precise asymptotic of the so-called spectral function for the eigenvalue 2n + d:

ed,n(x, y) :=
dim(En)∑

k=1
φn,k(x)φn,k(y),

2The logarithmic factor comes from probabilistic arguments just as in [BL13] and it is not known how
to remove it in an explicit construction.
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which, to the best of the knowledge of the authors is not already available in the literature.
Here is a precise statement in which J̃ d

2 −1 denotes the normalized Bessel function:

J̃ d
2 −1(t) :=

(2
t

) d
2 −1

J d
2 −1(t), ∀t > 0 (12)

with the convention J̃ d
2 −1(0) = 1

Γ( d
2 ) (by continuous extension). We also refer to Section 2

for graphical representations about the approximation (13) and the more precise formulas
(19) and (20) for d = 2.

Proposition 1.4. Let us assume d ≥ 2. The following asymptotic estimates3 as n→ +∞

ed,n(x, y) = n
d
2 −1

(2π) d
2
J̃ d

2 −1(
√

2n|x− y|) +

 O
(
n

d−3
2 log(n)

)
for d ≥ 3,

O(n− 1
4 ) for d = 2

(13)

are uniform with respect to (x, y) ∈ Sd−1 × Sd−1 satisfying |x− y| ≤ 1.
There exist constants c > 0 and εd ∈ (0, 1) satisfying the following asymptotic estimates
uniformly with respect to (x, y):

ed,n(x, x) = n
d
2 −1

(2π) d
2 Γ
(

d
2

) +

 O
(
n

d−3
2 log(n)

)
for d ≥ 3,

O(n− 1
4 ) for d = 2,

(14)

|ed,n(x, y)| ≤ εded,n(x, x), if c√
n
≤ |x− y| ≤ 1, (15)

ed,n(x, x)− ed,n(x, y) ≃ n
d
2 |x− y|2, if |x− y| ≤ c√

n
. (16)

The constants of the last equivalence may depend on d only.

The asymptotic of Proposition 1.4 gives complements about the ones given in [Ime18,
Proposition 4.1] and we believe that there should exist a proof via microlocal analysis,
likely involving an analysis similar to that of [HZZ15] or maybe by an adaptation of [CH15,
line (8)] to the harmonic oscillator. However, we have found a proof using a completely
different strategy: a specific use of the Mehler formula allows us to express ed,n(x, y) in a
very simple way as a formula (see (36)) involving the unidimensional Hermite functions.
For instance, for d = 3, our formula (36) reads

e3,n(x, y) = 1
π

∑
0≤ℓ≤ n

2

hn−2ℓ

( |x + y|+ |x− y|
2

)
hn−2ℓ

( |x + y| − |x− y|
2

)
.

3By comparison with [CH15, line (8)], it is maybe more reasonable to highlight the eigenvalue 2n + d
and write the principal term as

n
d
2 −1

(2π) d
2

J̃ d
2 −1(
√

2n + d|x− y|).

This is indeed equivalent to (13) because J̃ d
2 −1 is Lipschitz (see the computations made in [BIP24, Section

4] in which J̃ d
2 −1 is denoted by W ) and thus

n
d
2 −1
∣∣∣J̃ d

2 −1(
√

2n + d|x− y|)− J̃ d
2 −1(
√

2n|x− y|)
∣∣∣ = O

(
n

d
2 −1(
√

2n + d−
√

2n)
)

= O
(
n

d−3
2
)
.
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The proof of (13) is then a consequence of known approximations of unidimensional
Hermite functions (see Proposition 4.2) and an elementary use of the Euler-Maclaurin
formula on comparison of series and integrals.
Let us add that (14) and (15) are easy consequences of the asymptotic given by (13).
However (16) needs a little work and cannot be deduced from (13).

Remark 1.5. Due to a rotational invariance, the left-hand side of (14) does not depend
on x ∈ Sd−1. More critical is the restriction |x− y| ≤ 1 in (15) since the estimates fail in
general without this restriction, taking for instance y = −x so that |y − x| = 2 and using
the following equality (which is a consequence of (36) as we shall see below):

ed,n(x, y) = (−1)ned,n(x,−y). (17)

Let us now write a few words about the organization of the paper and the notations we
shall use.
As written above, Section 2 contains a few graphical representations comforting the
comparison (13) with the Bessel functions of Proposition 1.4.
Section 3 contains the proof of Theorem A upon admitting Proposition 1.4. By comparison
with the strategy used in [Ime22] that essentially deals with Dudley pseudo-distances
involving term like min(1, n|x− y|), we remark in our paper that in some sense all terms
like min(1, nθ|x− y|) with θ > 0 play an equivalent role (see Proposition 3.6). This allows
us to deal with (11).
Section 4 is devoted to the proof of Proposition 1.4. The starting point is to suitably
compare the Mehler formula at dimensions 1 and d (see the proof of Proposition 4.1) in
order to obtain a simple formula of ed,n(x, y).
Appendix A gives elements of the proof of Theorem 1.1.
Appendices B and C finally contain a few technical lemmas.
The symbols ≃, ≳ and ≲ are always understood with constants of equivalence that may
depend on the dimension d.

2. Graphical representations of the spectral function restricted to
Sd−1 × Sd−1

We recall that the spectral function associated to the harmonic oscillator −∆ + |x|2 on Rd

acting on En, which is defined for any (x, y) ∈ Rd × Rd by

ed,n(x, y) =
dim(En)∑

k=1
φn,k(x)φn,k(y)

in which (φn,k) is a Hilbert basis of En (see (3)). Although we are concerned with d ≥ 2, it
will be useful to consider the case d = 1. The spectral function e1,n can indeed be written
with L2(R)-normalized Hermite functions hn as

e1,n(x, y) = hn(x)hn(y), where hn(x) = Hn(x)e−x2/2√
n!2n
√

π
, (18)
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in which (Hn)n≥0 is the standard sequence of Hermite polynomials (H0 = 1, H1(x) =
2x, . . . ). The following formula obtained by tensorization of (hn) is well-known:

ed,n(x, y) =
∑

(i1,...,id)∈Nd

i1+···+id=n

hi1(x1)hi1(y1) . . . hid
(xd)hid

(yd).

Since −∆ + |x|2 presents a rotational invariance, the spectral function ed,n should also
have a similar invariance (that is not clear in the last formula). Actually, one can check
that ed,n(x, y) merely depends on |x|2 + |y|2 and ⟨x, y⟩ (see for instance the Mehler formula
(33)) and we refer to Proposition 4.1 for another formula, merely depending on |x + y|
and |x− y|, that will play a fundamental role in the present paper.
In the statement of Proposition 1.4, due to the conditions |x| = |y| = 1 and |x− y| ≤ 1,
we deduce that ed,n(x, y) merely depends on ⟨x, y⟩ or equivalently4 on |x− y|. Hence, we
may write

ed,n(x, y) = ed,n

(
(1, 0, . . . , 0), (cos(α), sin(α), 0, . . . , 0)

)

for a suitable α ∈
[
0, π

3

]
satisfying |x−y| = |1−eiα| = 2 sin(α/2) and so α = 2 arcsin

(
|x−y|

2

)
.

The previous considerations allow us to obtain a few graphical representations for instance
for n = 150 with respect to |x− y| running over [0, 1].

1
n

d
2 −1 ed,n(x, y) 1

(2π)
d
2
J̃ d

2 −1(
√

2n|x− y|)

d = 4

4thanks to the identity ⟨x, y⟩ = 1
2 (2− |x− y|2).
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d = 3

d = 2

In the last picture, the case d = 2 seems to be slightly bad-approximated for |x− y| = 0
and n = 150. This is due to the slow remainder n− 1

4 in (14). Actually , we will give
two proofs of (13) and the second one enlightens that the remainder n− 1

4 comes from
the asymptotics of the Bessel function J0. More precisely, the formula (51) below can be
simplified as follows for d = 2:

e2,n(x, y) = 1
2π

(
J0(
√

2n|x− y|) + (−1)nJ0(
√

2n|x + y|)
)

+O
( log(n)√

n

)
, (19)

e2,n(x, x) = 1
2π

(
1 + (−1)nJ0(2

√
2n)

)
+O

( log(n)√
n

)
. (20)

We recall that x and y belong to Sd−1 and that e2,n(x, x) does not depend on x. Here is a
graphical representation of the first points (n, e2,n(x, x)) and we see that their ordinates
are asymptotically

1
2π

(
1± |J0(2

√
2n|)

)
= 1

2π
+O

( 1
n1/4

)
.
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3. Proof of Theorem A

As claimed in the introduction, the proof of the sufficient condition does not pose any
major difficulty so we start with this part in Section 3.1. Then in Section 3.2 we give the
proof of the necessary condition in Theorem A upon admitting crucial estimates on the
spectral function whose proofs are delayed.

3.1. Proof of the sufficient condition. Our goal is to prove the implication (i) =⇒ (ii)
of Theorem A.
We shall take our inspiration from the seminal paper [SZ54] which uses the Cauchy
condensation test with specific dyadic subseries and an adaptation of the argument of
[Ime19, Section 6] for Gaussian random variables. More precisely, the Cauchy condensation
test allows to reformulate the condition (6) as

∑
ℓ≥1

1√
ℓ

( +∞∑
n=2ℓ

∥fn∥2
L2(Rd)

nd/2

)1/2
< +∞.

Another use of the Cauchy condensation test reformulates (6) as
∑
ℓ≥0

2ℓ/2
( +∞∑

n=22ℓ

∥fn∥2
L2(Rd)

nd/2

)1/2
< +∞,

so that in particular we get
∑
ℓ≥0

2ℓ/2
( ∑

22ℓ ≤n<22ℓ+1

∥fn∥2
L2(Rd)

nd/2

)1/2
< +∞. (21)

We recall the following classical lemma.

Lemma 3.1. Let (gi,j)i,j be a collection of I × J i.i.d. standard N (0, 1) Gaussian random
variables. For any matrix A ∈MI×J(R) the following inequality holds true:

Eω

 sup
1≤i≤I

∣∣∣∣∣∣
J∑

j=1
ai,jgi,j(ω)

∣∣∣∣∣∣
 ≤ C

√
log(2 + I) sup

1≤i≤I

( J∑
j=1

a2
i,j

)1/2
.
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Proof. See for instance of proof in [LQ18, Theorem IV.5, page 34] for Rademacher ran-
dom variables instead of Gaussian random variables (but the proof essentially relies on
Khintchine inequalities which are known to be true in the Gaussian case, see [LQ18, Cor.
V.27, page 256]). See also [Ime19, Lemma 7.3, page 2746]. □

Proof of Theorem Theorem A (i) =⇒ (ii). We start by applying a “mesh strategy” taken
from [Ime19, Section 19]: as seen in [Ime19], for any integer N ≥ 1, there exists a finite
subset XN of Rd satisfying log(2 + Card(XN)) ≲ log N and

∀u ∈ E0 + E1 + · · ·+ EN sup
x∈Rd

|u(x)| ≤ 2 max
x∈XN

|u(x)|. (22)

Such a property is called the finite subset concentration assumption in [Ime19] and comes
from the Gaussian tail behavior of Hermite functions and from a Bernstein inequality.

Let us set N = 22ℓ+1 , so that we have
√

log(2 + Card(XN)) ≲ 2ℓ/2. Using (22) and Lemma
3.1 we have:

Eω

[
sup
x∈Rd

∣∣∣∣ ∑
22ℓ ≤n<22ℓ+1

fG,ω
n (x)

∣∣∣∣] ≤ 2Eω

[
sup

x∈XN

∣∣∣∣ ∑
22ℓ ≤n<22ℓ+1

fG,ω
n (x)

∣∣∣∣]

= 2Eω

[
sup

x∈XN

∣∣∣∣ ∑
22ℓ ≤n<22ℓ+1

∥fn∥L2(Rd)√
dim(En)

dim(En)∑
k=1

gn,k(ω)φn,k(x)
∣∣∣∣]

≤ C2ℓ/2 sup
x∈XN

( ∑
22ℓ ≤n<22ℓ+1

∥fn∥2
L2(Rd)

dim(En)

dim(En)∑
k=1

φn,k(x)2
)1/2

.

Next, we use the equivalence dim(En) ∼ cdnd−1 and we recall that the spectral function

x 7→
dim(En)∑

k=1
φn,k(x)2 associated to the harmonic oscillator satisfies the following uniform

bound
dim(En)∑

k=1
φn,k(x)2 ≲ n

d
2 −1,

for which we refer to [Ime18, Prop 4.1, page 330] or [KT05, Coro 3.2 for p =∞]. Therefore,
we get

Eω

[
sup
x∈Rd

∣∣∣∣ ∑
22ℓ ≤n<22ℓ+1

fG,ω
n (x)

∣∣∣∣] ≤ C2ℓ/2
( ∑

22ℓ ≤n<22ℓ+1

∥fn∥2
L2(Rd)

nd/2

)1/2
,

and from (21), the following finiteness follows

Eω

[∑
ℓ∈N

sup
x∈Rd

∣∣∣∣ ∑
22ℓ ≤n<22ℓ+1

fG,ω
n (x)

∣∣∣∣] < +∞.

With probability 1, one infers that the sequence of functions
( 22ℓ −1∑

n=0
fG,ω

n

)
ℓ∈N

uniformly
converges in the Banach space L∞(Rd), which in turn implies that the Gaussian series∑

fG,ω
n almost surely converges in L∞(Rd) thanks to [LQ18, Theorem III.5, page 132]. □
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3.2. Proof of the necessary condition. We prove the implication (iii) =⇒ (i) of
Theorem A. As mentioned in the introduction this part heavily relies on the following
estimate (we recall that Proposition 1.4 will be proved below).

Proposition 3.2. As n → ∞, the following asymptotics of δn, defined in (8), holds
uniformly on the set {(x, y) ∈ Sd−1 × Sd−1 : |x− y| ≤ 1},

δn(x, y) ≃ n− d
4 min(1,

√
n|x− y|).

Proof. In the following, we use the equality ed,n(x, x) = ed,n(y, y), which is a consequence
of the rotational invariance of the harmonic oscillator −∆ + |x|2. We write

δn(x, y)2 = 1
dim(En)

( dim(En)∑
k=1

φn,k(x)2 + φn,k(y)2 − 2φn,k(x)φn,k(y)
)

= 1
dim(En) (ed,n(x, x) + ed,n(y, y)− 2ed,n(x, y))

= 2
dim(En) (ed,n(x, x)− ed,n(x, y)) ≃ 1

nd/2 min(1,
√

n|x− y|)2,

where in the last line the equivalence we have used (4) and the two-sided estimates of
ed,n(x, x)− ed,n(x, y) given by (15) and (16). □

Remark 3.3. Note that (17) shows that the conclusion of Proposition 3.2 does not hold on
the whole compact set Sd−1 × Sd−1 since we have δn(x,−x) = 0 for n even.

We now recall the following almost sure convergence result.

Lemma 3.4. Let us fix x0 ∈ Sd−1. The following assertions are equivalent:

(i) the Gaussian random series
∑
n∈N

fG,ω
n (x0) almost surely converges;

(ii) the series
∑
n∈N

∥fn∥2
L2(Rd)

nd/2 converges.

Proof. The proof can be found in [Ime19, Theorem 4.1, (1) ⇔ (4)]. □

The following result constructs a stationary Gaussian process that realizes a given Dudley
pseudo-distance.

Proposition 3.5. Let (λn)n∈N⋆ and (cn)n∈N⋆ be non-negative sequences, and assume that∑
n≥1

cn < +∞. There exists a stationary Gaussian process (F G,ω) on S1 that satisfies for

any (x, y) ∈ S1 × S1:

E[|F G,ω(x)− F G,ω(y)|2] 1
2 ≃

√∑
n≥1

cn min(1, λn|x− y|)2.

Moreover, for any given arc Γ ⊂ S1, the following three assertions are equivalent:

(i) the Gaussian process (F G,ω) admits a version which is sample-continuous on Γ;
(ii) the Gaussian process (F G,ω) admits a version which is sample-bounded on Γ;



14 RAFIK IMEKRAZ AND MICKAËL LATOCCA

(iii) the following condition is fulfilled∫ 1

0

√∑
n≥1

cn min(1, λnt)2 dt

t(− log(t)) 1
2

< +∞. (23)

Proof. The construction of (F G,ω) is done in the sequel. Let us admit for a moment the
existence of (F G,ω). Then we refer to [Ime22, Proposition 6] in which it is shown that
(23) is equivalent the entropic condition of the Gaussian process (F G,ω), from which the
equivalence between (i), (ii) and (iii) is derived from the classical theorem of Dudley and
Fernique [LT91, Theorem 11.17 and 13.3]. In the same spirit, we refer to the proof of
[Ime22, Proposition 16].
Our task is therefore reduced to the construction of F G,ω. First, we need to define a
canonical Gaussian process on R2. To this end, let U : Ω→ S1 be a random unit vector
with uniform distribution. We then can define an isotropic stationary Gaussian process
F G,ω

n : Ω×R2 → R such that its covariance operator satisfies that for all (x, y) ∈ R2 ×R2,

E[F G,ω
n (x)F G,ω

n (y)] = E [cos(⟨U(ω), λn(x− y)⟩)] . (24)

Such a Gaussian process is well-defined (see for instance [EF20, page 332] and [AW09,
page 16]). By symmetry of the random variable U , we have

E [sin(⟨U(ω), λn(x− y)⟩)] = 0. (25)

Thanks to the formula of the Fourier transform of the canonical Riemannian measure of
S1, (24) and (25) read:

E[F G,ω
n (x)F G,ω

n (y)] = E
[
ei⟨U(ω),λn(x−y)⟩

]
= J0(λn|x− y|),

where J0 : z 7→ 1
π

∫ π

0
exp(iz cos τ) dτ is the Bessel function.

We may assume that the Gaussian random variables (F G,ω
n (x))n∈N are independent for any

fixed x ∈ R2. Define for any x ∈ S1 the following Gaussian process:

F G,ω(x) =
∑
n≥1

√
cnF G,ω

n (x).

Due to (24), we get E[F G,ω
n (x)2] = 1 and hence the previous series converges in L2(Ω). In

other words, the Gaussian process F G,ω is well-defined. Stationarity is straightforward,
because the independence of the (F G,ω

n )n≥1 yields

E[F G,ω(x)F G,ω(y)] =
∑
n≥1

cnE[F G,ω
n (x)F G,ω

n (y)]

which depends only on x− y. Finally, the Dudley pseudo-distance of the Gaussian process
(F G,ω(x))x∈S1 satisfies

E[|F G,ω(x)− F G,ω(y)|2] =
∑
n≥1

2cn (1− J0(λn|x− y|))

≃
∑
n≥1

cn min(1, λn|x− y|)2. (26)
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The equivalence (26) can be proved
thanks to the following asymptotics
(coming from the power series at t = 0
of J0(t)):

1− J0(t) ∼
t→0

t2

4
and is indeed comforted by a graphical
representation:

∀t > 0 0.2 ≤ 1− J0(t)
min(1, t)2 ≤ 1.5

□

We may continue the proof of (iii) =⇒ (i) of Theorem A. Since we assume that (iii) holds,
we are in a position to apply Lemma 3.4 and infer that ∑ ∥fn∥2

L2(Rd)n
− d

2 is a convergent
series.
We consider the following curve on Sd−1:

Γ =
{

(cos(α), sin(α), 0, . . . , 0) ∈ Rd, α ∈
[
0,

π

3

]}
.

Note that for any (γ1, γ2) ∈ Γ× Γ we have |γ1 − γ2| ≤ 1. Using (7) and Proposition 3.2,
we see that the Dudley pseudo-distance δ of the Gaussian process

(
fG,ω(γ)

)
γ∈Γ

satisfies
for any (γ1, γ2) ∈ Γ× Γ:

δ(γ1, γ2) = E
[
|fG,ω(γ1)− fG,ω(γ2)|2

] 1
2 ≃

√√√√√∑
n≥1

∥fn∥2
L2(Rd)

n
d
2

min(1,
√

n|γ1 − γ2|)2.

We then apply Proposition 3.5 with

cn = ∥fn∥2
L2(Rd)n

−d
2 and λn =

√
n

and we consider the associated Gaussian process (F G,ω) on S1 given by this result. We
arrive at the equivalence

E
[
|fG,ω(γ1)− fG,ω(γ2)|2

] 1
2 ≃ E

[
|F G,ω(γ1)− F G,ω(γ2)|2

] 1
2 .

An application of the classical Gaussian comparison theorems of Slepian type ensures that
the Gaussian process (F G,ω(γ))γ∈Γ admits a sample-bounded version (see [LT91, Corollary
3.14]), because it is the case of the process (fG,ω(γ))γ∈Γ.
From Proposition 3.5 (iii) we infer that, by setting θ = 1

2 , the following holds∫ 1

0

√√√√∑
n≥1

∥fn∥2

n
d
2

min(1, nθt)2 dt

t(− log(t)) 1
2

< +∞,
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and the expected conclusion, namely assertion i) of Theorem A, is now a consequence of
the following result.

Proposition 3.6. Let us consider θ ∈ (0, +∞) and a nonnegative sequence (cn)n≥1
satisfying

∑
n≥1

cn <∞. We introduce the function

Υθ(t) =
√∑

n≥1
cn min(1, nθt)2 for all t ≥ 0.

Then the following equivalence holds true∫ 1

0
Υθ(t)

dt

t(− log(t)) 1
2
≃
∑
p≥1

1
p
√

log(p + 1)

√∑
n≥p

cn, (27)

with constants that may depend on θ but the finiteness of (27) does not depend on θ.

The proof is essentially a completion of a computation made in [Ime22].

Proof. We follow the proof of [Ime22, pages 781-782], the slight difference is in (31). Let
us first decompose:∫ 1

0

Υθ(t)
t(− log(t)) 1

2
dt =

∑
p≥1

∫ 1/p

1/(p+1)

Υθ(t)
t(− log(t)) 1

2
dt

≃
∑
p≥1

√√√√∑
n≥1

cn min
(

1,
n2θ

p2

) 1
(log(p + 1)) 1

2 p

in which we have controlled the non-decreasing function Υθ for instance with the equivalence∫ 1/p

1/(p+1)

dt

t
√
− log(t)

= 2
√

log(p + 1)− 2
√

log(p) ≃ 1
(log(p + 1)) 1

2 p

and the following inequalities

1
2Υθ

(1
p

)
≤ Υθ

( 1
2p

)
≤ Υθ

( 1
p + 1

)
≤ Υθ(t) ≤ Υθ

(1
p

)
∀t ∈

[ 1
p + 1 ,

1
p

]
.

For any integer p ≥ 1, we write

Up(θ) =
∑

1≤n<⌊p1/θ⌋
n2θcn and Vp(θ) =

∑
n≥⌊p1/θ⌋

cn. (28)

We remark that first integer n⋆ = ⌊p 1
θ ⌋ in Vp(θ) satisfies p ≤ (n⋆ + 1)θ and thus

1
22θ
≤ (n⋆)2θ

p2 ≤ 1
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so that we can write (by separating the three cases n < n⋆, n = n⋆ and n > n⋆):

∑
n≥1

cn min
(

1,
n2θ

p2

)
≃ Up(θ)

p2 + Vp(θ)

∫ 1

0

Υθ(t)
t(− log(t)) 1

2
dt ≃

∑
p≥1

√
1
p2 Up(θ) + Vp(θ) 1

p
√

log(p + 1)

≃
∑
p≥1

√
Up(θ)

p2
√

log(p + 1)
+
∑
p≥1

√
Vp(θ)

p
√

log(p + 1)
. (29)

In contrast to [Ime22, line (75)], we have to show

∑
p≥1

√
Up(θ)

p2
√

log(p + 1)
≲
∑
p≥1

√
Vp(1)

p
√

log(p + 1)
(30)

and also the independence with respect to θ:

∑
p≥1

√
Vp(θ)

p
√

log(p + 1)
≃
∑
p≥1

√
Vp(1)

p
√

log(p + 1)
(31)

Clearly (29), (30) and (31) together imply (27) since the Vp(1) part is exactly the Salem-
Zygmund term appearing in the right-hand side of (27).

Proof of (30). By writing
√

Up(θ)
p2
√

log(p+1)
= 1√

p log(p+1) ×
√

Up(θ)
√

log(p+1)
p3/2 , we take advantage

of the argument of [Ime22, page 782] by using the Cauchy-Schwarz inequality to get

∑
p≥1

√
Up(θ)

p2
√

log(p + 1)
≤ C

(∑
p≥1

Up(θ) log(p + 1)
p3

) 1
2

≤ C
(∑

n≥1
cnn2θ

∑
p≥⌈nθ⌉

log(p + 1)
p3

) 1
2

which is incidentally enough for our purpose, as one ultimately obtains

∑
p≥1

√
Up(θ)

p2
√

log(p + 1)
≤ C

(∑
n≥1

cn
n2θ log(⌈nθ⌉+ 1)

⌈nθ⌉2
) 1

2
≃
(∑

n≥1
cn log(n + 1)

) 1
2
,

giving fortunately the same term as in [Ime22, page 782] whose argument thus may be
continued to get (30).
Proof of (31) for θ ∈ (0, 1). It is important to keep in mind that θ 7→ Vp(θ) is a
non-decreasing function.
From this observation, it follows that Vp(θ) ≤ Vp(1) for any θ ∈ (0, 1), which readily shows
the upper bound of (31) in the case θ ∈ (0, 1).
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The key observation which allows to deal with the remaining cases, and whose proof is
postponed, is that for any integer T ≥ 1 the following holds:

∑
p≥1

√
Vp(T )

p
√

log(p + 1)
≲
∑
p≥1

√
Vp(1/T )

p
√

log(p + 1)
. (32)

Let us now show the lower bound in (31) in the case θ ∈ (0, 1). We first choose an integer
T which satisfies 1

T
< θ. Therefore, we obtain Vp(1) ≤ Vp(T ) and Vp(1/T ) ≤ Vp(θ), so that

(31) is a consequence of (32).
Proof of (31) for θ ≥ 1. As above, the lower-bound is a direct consequence of the
inequality Vp(1) ≤ Vp(θ). It remains to address the upper bound of (31). We consider an
integer T satisfying T > θ and therefore we have Vp(θ) ≤ Vp(T ) and Vp(1/T ) ≤ Vp(1), and
we conclude as above thanks to (32).
Proof of (32) We observe that since the sequences inside the two series in (32) are
non-increasing with respect to p, the Cauchy condensation test shows that (32) is indeed
equivalent to ∑

p≥0

√
V2p(T )
√

p + 1 ≲
∑
p≥0

√
V2p(1/T )
√

p + 1 .

We now split the left-hand side as a sum modulo T 2 in the following way:

∑
p≥0

√
V2p(T )
√

p + 1 =
T 2−1∑
k=0

∑
p≥0

√
V2pT 2+k(T )

√
pT 2 + k + 1

≤
∑
p≥0

√
V2pT 2 (T )

( T 2−1∑
k=0

1√
pT 2 + k + 1

)
which can be simplified (absorbing a factor T in the constant):

∑
p≥0

√
V2p(T )
√

p + 1 ≲
∑
p≥0

√
V2pT 2 (T )
√

p + 1 .

The conclusion follows from the equality V2pT 2 (T ) = V2p(1/T ) that can be seen directly
from the definition (28). □

4. Proof of Proposition 1.4

4.1. Preliminaries. We give here some results needed in our proof of Proposition 1.4.
Our starting point is the Mehler formula, which holds for any d ≥ 1, (x, y) ∈ Rd ×Rd and
any t > 0,

+∞∑
n=0

e−t(2n+d)ed,n(x, y) = 1
(2π sinh(2t)) d

2
exp

(
− tanh(t)

4 |x + y|2 − |x− y|2

4 tanh(t)

)
.

The exponent in the right-hand side is also often written as follows
+∞∑
n=0

e−t(2n+d)ed,n(x, y) = 1
(2π sinh(2t)) d

2
exp

(
−|x|

2 + |y|2
2 tanh(2t) + ⟨x, y⟩

sinh(2t)

)
. (33)

By tensorization, the previous formula is a consequence of the case d = 1 (see [Sze75, page
380]).
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A crucial remark is that the exponent in the Mehler formula merely depends on |x|2 + |y|2
and ⟨x, y⟩. Next, we change variables by introducing

x̂ = |x + y|+ |x− y|
2 and ŷ = |x + y| − |x− y|

2 (34)

for which it is easy to check that (x, y) 7→ (x̂, ŷ) is a non-linear isometry:

x̂2 + ŷ2 = |x|2 + |y|2, x̂ŷ = ⟨x, y⟩, x̂− ŷ = |x− y|. (35)

With these new variables, we may state the following result which expresses ed,n(x, y) as a
Cauchy product.

Proposition 4.1. Let us consider d ≥ 2, n ∈ N, and (x, y) ∈ Rd×Rd. Then the following
equality holds:

ed,n(x, y) = 1
π

d−1
2

∑
(k,ℓ)∈N×N

k+2ℓ=n

hk(x̂)hk(ŷ)Bd(ℓ), (36)

where Bd(ℓ) satisfies the following asymptotic for ℓ≫ 1:

Bd(ℓ) =
Γ
(

d−1
2 + ℓ

)
ℓ!Γ

(
d−1

2

) = 1
Γ(d−1

2 )
ℓ

d−3
2 +O

(
ℓ

d−5
2
)

. (37)

Proof. We start by observing that thanks to (35) we have

exp
(
−|x|

2 + |y|2
2 tanh(2t) + ⟨x, y⟩

sinh(2t)

)
= exp

(
− x̂2 + ŷ2

2 tanh(2t) + x̂ŷ

sinh(2t)

)
.

Since x̂ and ŷ are real, we observe that the Mehler formula (33) in dimension d evaluated
at (x, y) can be rewritten using the Mehler formula in dimension 1 evaluated at (x̂, ŷ). We
have indeed

(2π sinh(2t)) d
2

+∞∑
n=0

e−t(2n+d)ed,n(x, y) = (2π sinh(2t)) 1
2

+∞∑
k=0

e−t(2k+1)e1,k(x̂, ŷ)

= (2π sinh(2t)) 1
2

+∞∑
k=0

e−t(2k+1)hk(x̂)hk(ŷ).

We are now in a position to study the behavior as t → +∞. To this end we write
t = − log(z), which corresponds to the limit z → 0+. Using the formula −2 sinh(2 log(z)) =
z−2(1− z4), we get

+∞∑
n=0

z2n+ded,n(x, y) = zd−1

π
d−1

2 (1− z4) d−1
2

+∞∑
k=0

z2k+1hk(x̂)hk(ŷ)

= 1
π

d−1
2

(1− z4)
−(d−1)

2

+∞∑
k=0

z2k+dhk(x̂)hk(ŷ)

= 1
π

d−1
2

( +∞∑
ℓ=0

Bd(ℓ)z4ℓ
)( +∞∑

k=0
z2k+dhk(x̂)hk(ŷ)

)
,
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in which we have denoted by Bd(ℓ) =
(

−(d−1)
2
ℓ

)
(−1)ℓ. It follows that (36) holds because

Bd(ℓ) =

(
d−1

2

) (
d−1

2 + 1
)

. . .
(

d−1
2 + ℓ− 1

)
ℓ! =

Γ
(

d−1
2 + ℓ

)
ℓ!Γ

(
d−1

2

) .

In order to obtain (37), one can use the well-known asymptotics as t→ +∞:

log Γ(t) = t log(t)− t− 1
2 log(t) + log

√
2π +O

(1
t

)
so that for any real number a we get for t≫ 1:

log Γ(t + a)− log Γ(t) = a log(t) +O
(1

t

)
.

By subtracting the cases a = d−1
2 and a = 1, we finally obtain

Bd(ℓ) = 1
Γ
(

d−1
2

) exp
(

log Γ
(

ℓ + d− 1
2

)
− log Γ(ℓ + 1)

)

= 1
Γ
(

d−1
2

) exp
(

d− 3
2 log(ℓ) +O

(1
ℓ

))
= ℓ

d−3
2

Γ
(

d−1
2

) +O
(
ℓ

d−5
2
)

. □

We now recall known uniform asymptotic of the Hermite functions hn on a compact interval
(in the so-called allowed region) obtained by Muckenhoupt.

Proposition 4.2. As n→ +∞, the following asymptotics hold uniformly for s and t each
belonging to a same compact interval of R,

hn(s) = 21/4
√

πn1/4 cos
(
s
√

2n− nπ

2

)
+O

( 1
n3/4

)
, (38)

hn−1(s)2 + hn(s)2 =
√

2
π
√

n
+O

( 1
n

)
, (39)

hn(s)hn(t) = 1
π
√

2n

[
cos

(
(s − t)

√
2n
)

+ (−1)n cos
(
(s + t)

√
2n
)]

+O
( 1

n

)
. (40)

Proof. The asymptotic (38) is a consequence of the usual asymptotics of Hermite functions
(see [Muc70, eq. (2.5)], which reads

hn(s) =
√

2
√

π(2n + 1) 1
4

cos
(
s
√

2n + 1− nπ

2

)
+O

( 1
n3/4

)
.

The asymptotics (40) and (39) are then direct consequences of (38). □

It is then possible to isolate the main contribution in (36) as follows.
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Proposition 4.3. Let us consider d ≥ 2 and (x, y) ∈ Rd × Rd. The spectral function
ed,n(x, y) satisfies the following for n≫ 1:

ed,n(x, y) = 1
π

d+1
2
√

2Γ
(

d−1
2

) ∑
(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

cos((x̂− ŷ)
√

2k)√
k

ℓ
d−3

2 (41)

+ (−1)n

π
d+1

2
√

2Γ
(

d−1
2

) ∑
(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

cos((x̂ + ŷ)
√

2k)√
k

ℓ
d−3

2 (42)

+O
(
log(n)n

d−3
2
)

where the remainder is uniform with respect to |x|+ |y|.

Proof. Our starting point is the exact formula (36) which writes

ed,n(x, y) = 1
π

d−1
2 Γ

(
d−1

2

) ∑
(k,ℓ)∈N×N

k+2ℓ=n

hk(x̂)hk(ŷ)
(
ℓ

d−3
2 +O(ℓ

d−5
2 )
)

.

Let us set R = |x| + |y|. Note that (34) implies the bounds |ŷ| ≤ x̂ ≤ R. Thanks to
Proposition 4.2 we have ∥hk∥L∞(−R,R) ≤ C

(1+k)
1
4

for any k ∈ N and therefore we can discard
the eventual endpoints k = 0 and k = n so that

ed,n(x, y) = 1
π

d−1
2 Γ

(
d−1

2

) ∑
(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

hk(x̂)hk(ŷ)
(
ℓ

d−3
2 +O(ℓ

d−5
2 )
)

+O
(

n
d−3

2 + 1√
n

)
.

Since d ≥ 2, the remainder is indeed O
(
n

d−3
2
)
. An application of Proposition 4.2 shows

that
hk(x̂)hk(ŷ)

(
ℓ

d−3
2 +O(ℓ

d−5
2 )
)

equals

1
π
√

2k

[
cos((x̂− ŷ)

√
2k) + (−1)k cos((x̂ + ŷ)

√
2k)

]
ℓ

d−3
2 +O

(
ℓ

d−5
2
√

k
+ ℓ

d−3
2

k

)
(43)

and the conclusion will be obtained by summation of the remainders and the obvious
remark (−1)k = (−1)n−2ℓ = (−1)n. For the remainders, this indeed follows by separating
the contributions k ≤ n

2 and k > n
2 which gives the three estimates

d = 2 ⇒
∑

(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

1√
k

ℓ
d−5

2 ≲
1√
n

,

d = 3 ⇒
∑

(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

1√
k

ℓ
d−5

2 ≲
ln(n)√

n
,

d ≥ 4 ⇒
∑

(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

1√
k

ℓ
d−5

2 ≲ n
d−4

2
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that turn out to be less than the contribution of the second term in the remainder in (43):∑
(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

1
k

ℓ
d−3

2 ≲ log(n)n
d−3

2 .

□

The sum appearing in (41) and (42) can be well approximated using an integral via the
following results (the proof are postponed below).

Lemma 4.4. Let us fix β > −1. Then, as α→∞, the following holds∫ 1

0

cos(α
√

t)√
t

(1− t)β dt = O
( 1

α1+β

)
. (44)

Moreover, for any α0 > 0, there exists ε(α0, β) ∈ [0, 1) such that for any α ≥ α0 the
following holds ∣∣∣∣∣

∫ 1

0

cos(α
√

t)√
t

(1− t)β dt

∣∣∣∣∣ ≤ ε(α0, β)
∫ 1

0

(1− t)β

√
t

dt. (45)

Lemma 4.5. Let F : [0, +∞) → [0, +∞) be a bounded, differentiable and Lipschitz
function. For any β ≥ −1

2 and any a ≥ 0, the following asymptotic holds true as n→ +∞:

∑
(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

F (a
√

k)√
k

ℓβ = nβ+ 1
2

2β+1

∫ 1

0

F (a
√

nt)√
t

(1− t)βdt +O(nβ log(n)). (46)

Moreover, the bound on the remainder is uniform with respect to the parameter a belonging
to a compact subset of [0, +∞).

4.2. Proof of (13). Step 1. An application of (46) with a =
√

2(x̂+ŷ) and β = d−3
2 ≥ −

1
2

shows
∑

(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

cos((x̂ + ŷ)
√

2k)√
k

ℓ
d−3

2 = n
d−2

2

2 d−1
2

∫ 1

0

cos((x̂ + ŷ)
√

2nt)√
t

(1− t)
d−3

2 dt

+O(n d−3
2 log(n)).

A similar formula holds true for x̂ + ŷ replaced with x̂− ŷ. By denoting cd := 1
π

d+1
2

√
2Γ( d−1

2 )
for simplicity and using Proposition 4.3, we may write

ed,n(x, y) = cd
n

d
2 −1

2 d−1
2

∫ 1

0

cos((x̂− ŷ)
√

2nt)√
t

(1− t) d−3
2 dt (47)

+(−1)ncd
n

d
2 −1

2 d−1
2

∫ 1

0

cos((x̂ + ŷ)
√

2nt)√
t

(1− t)
d−3

2 dt +O(n
d−3

2 log(n)).(48)

Under the conditions |x| = |y| = 1, note that Lemma 4.5 ensures that the remainder is
uniform with respect to (x, y) due to the inequalities 0 ≤ x̂− ŷ ≤ 2 and 0 ≤ x̂ + ŷ ≤ 2.
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Step 2. Let us simplify (47). For any u ∈ R and β > −1, we now recall the following
formula involving the Bessel functions (see [Sze75, line (1.71.6)]):∫ 1

0

cos(u
√

t)√
t

(1− t)βdt = 2
∫ 1

0
cos(ut)(1− t2)βdt

=
∫ 1

−1
cos(ut)(1− t2)βdt

=
√

πΓ(β + 1)
(2

u

)β+ 1
2

Jβ+ 1
2
(u).

Looking at the definition of the normalized Bessel function (12) and remembering the
equality x̂− ŷ = |x− y| (see (35)), we see that the right-hand side of (47) is

1
π

d+1
2
√

2Γ
(

d−1
2

) × n
d
2 −1

2 d−1
2
×
√

πΓ
(

d− 1
2

)
J̃ d

2 −1(
√

2n|x− y|)

= n
d
2 −1

(2π) d
2
J̃ d

2 −1(
√

2n|x− y|).

Step 3. Here are two different ways to finally obtain (13). Both exploit the condition
|x− y| ≤ 1 (see (34) for the definition of x̂ and ŷ) in the following way:

x̂ + ŷ = |x + y| =
√

2|x|2 + 2|y|2 − |x− y|2 ≥
√

3.

Firstly, by applying (44) with α = (x̂ + ŷ)
√

2n ≳
√

n and β = d−3
2 , we find that (48) is

n
d
2 −1O

(
n− d−1

4
)

+O
(
n

d−3
2 log(n)

)
= O

(
n

d−3
4 + n

d−3
2 log(n)

)
. (49)

By separating the cases d = 2 and d ≥ 3, we see that the last remainder is precisely O
(
n

d−3
2 log(n)

)
for d ≥ 3,

O(n− 1
4 ) for d = 2

(50)

namely the one appearing in the right-hand side of (13). Hence, (13) is proved.
Another approach would be to remark that the computations in Step 2 and the terms (47)
and (48) lead to

ed,n(x, y) = n
d
2 −1

(2π) d
2

(
J̃ d

2 −1(
√

2n|x− y|) + (−1)nJ̃ d
2 −1(
√

2n|x + y|)
)

+O
(
n

d−3
2 log(n))

)
. (51)

Then by using the usual asymptotic of the Bessel functions as a black box for J̃ d
2 −1(
√

2n|x+
y|), we recover (49).

4.3. Proof of (14). We may give two arguments following the previous computations.
Since the remainder of (13) is uniform with respect to x and y (upon assuming |x−y| ≤ 1),
one may make tend y → x to get

ed,n(x, x) = n
d
2 −1

(2π) d
2
J̃ d

2 −1(0) +

 O
(
n

d−3
2 log(n)

)
for d ≥ 3,

O(n− 1
4 ) for d = 2



24 RAFIK IMEKRAZ AND MICKAËL LATOCCA

which is exactly (14) because of the equality J̃ d
2 −1(0) = 1

Γ(d/2) .

Another argument would be to follow (47), (48) and (50) of the last proof that gives us

ed,n(x, x) = 1
π

d+1
2 2 d

2 Γ(d−1
2 )

∫ 1

0

(1− t) d−3
2

√
t

dt︸ ︷︷ ︸
=:I(d)

+

 O
(
n

d−3
2 log(n)

)
for d ≥ 3,

O(n− 1
4 ) for d = 2

.

Here, the integral I(d) can be easily computed via a few changes of variables and a Wallis
integral:

I(d) =
∫ 1

0

t(d−3)/2
√

1− t
dt = 2

∫ 1

0

wd−2
√

1− w2
dt = 2

∫ π
2

0
sind−2(θ) dθ =

√
πΓ

(
d−1

2

)
Γ
(

d
2

) .

And we again obtain the expected principal term n
d
2 −1

(2π)
d
2 Γ( d

2 )
of ed,n(x, x) in (14).

4.4. Proof of (15). Any c > 0 will be convenient. It is actually in the proof of (16) that
c will have to be chosen under restrictive conditions.
For a constant εd ∈ (0, 1) that will be chosen later, Step 2 in Subsection 4.2 shows that
εded,n(x, x)− ed,n(x, y) equals

cdn
d
2 −1

2 d−1
2

[
εd

∫ 1

0

1√
t
(1− t)

d−3
2 dt−

∫ 1

0

cos((x̂− ŷ)
√

2nt)√
t

(1− t)
d−3

2 dt

]
+ o(n d

2 −1).

The relations (35) imply (x̂− ŷ)
√

2n = |x− y|
√

2n so that from the assumption (15) one
infers

(x̂− ŷ)
√

2n ≥
√

2c

and therefore an application of (45) yields∫ 1

0

cos((x̂− ŷ)
√

2nt)√
t

(1− t)
d−3

2 dt ≤ ε
(√

2c,
d− 3

2

) ∫ 1

0

1√
t
(1− t)

d−3
2 dt.

By choosing now εd = 1+ε(√
2c, d−3

2 )
2 which clearly belongs to (0, 1), we get

εded,n(x, x)− ed,n(x, y)
n

d
2 −1

≥ cd

2 d−1
2
×

1− ε(
√

2c, d−3
2 )

2︸ ︷︷ ︸
>0

∫ 1

0

1√
t
(1− t)

d−3
2 dt + o(1)

and hence εded,n(x, x)− ed,n(x, y) ≥ 0 holds for sufficiently large n. Finally, since the same
argument could be applied to εded,n(x, x) + ed,n(x, y), this concludes the proof of (15).

4.5. Proof of (16). In the following, we make extensive use of the notations x̂ and ŷ
introduced in (34) and (35). It turns out that it is convenient to introduce a new variable
s which is equivalent to the distance between x and y:

Lemma 4.6. Let us consider d ≥ 2 and (x, y) ∈ Sd−1×Sd−1. Then the condition |x−y| ≤ 1
is equivalent to the existence of a real number s ∈

[
0,

√
3

2

]
satisfying

ŷ =
√

1− s and x̂ =
√

1 + s.
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Moreover, s satisfies
s ≤ |x− y| ≤ 2√

3
s. (52)

Proof. The definition (34) implies that x̂ ⩾ |x| = 1. We also observe x̂2+ŷ2 = |x|2+|y|2 = 2,
and therefore infer the following

x̂ ∈ [1,
√

2] and − 1 ≤ ŷ ≤ 1.

Using the condition |x− y| ≤ 1 in (35), we get 2− 2⟨x, y⟩ = |x− y|2 ≤ 1 from which we
infer x̂ŷ = ⟨x, y⟩ ≥ 1

2 . It forces ŷ > 0. Now, there exists s ∈ [0, 1] such that x̂ =
√

1 + s

and since ŷ > 0 it follows that ŷ =
√

1− s. We also have
√

1− s
√

1 + s ≥ 1
2 if and only if s ∈

[
0,

√
3

2

]
.

The inequality (52) is now a consequence of (35) and the fact that x̂−ŷ
s

= 2√
1+s+

√
1−s

is
increasing with respect to s. □

We move to the proof of (16), for which our starting point is (36). Let us introduce
Ωk(s) := hk(1)2 − hk(

√
1− s)hk(

√
1 + s) (53)

which allows to efficiently rewrite

ed,n(x, x)− ed,n(x, y) = 1
π

d−1
2

∑
(k,ℓ)∈N×N

k+2ℓ=n

Ωk(s)Bd(ℓ). (54)

Since h0 is a multiple of x 7→ e−x2/2, one can check that for any s the following holds
Ω0(s) = 0. (55)

For k = 1, we have h1(x) =
√

2
π1/4 xe−x2/2 (see (18)) and hence the formula

Ω1(s) = 2√
πe

(
1−
√

1− s2
)

for which we get the asymptotic Ω1(s) ≃ s2 near s = 0. This is actually a general fact for
any k ≥ 1.
Proposition 4.7. There exist positive constants C, C ′ and c such that for any k ≥ 1 and
any s ∈ [0, c√

k
] the following holds

Cs2 ≤ Ωk(s)√
k
≤ C ′s2.

The proof of this result is based on the following estimates of higher order derivatives of
Ωk (see the proof below).
Proposition 4.8. There exist positive constants C1, C ′

1 and C2 such that for any k ≥ 1
the following holds

C1
√

k ≤ Ω(2)
k (0) ≤ C ′

1
√

k (56)
and

∥Ω(3)
k ∥L∞(0,

√
3

2 ) ≤ C2k. (57)
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Proof of Proposition 4.7. Let us denote c = C1
2C2

, where C1 and C2 are given by Proposition
4.8. The mean value theorem allows us to bound from below as follows: for any s ∈ [0, c√

k
]

we may write

Ω(2)
k (s) ≥ Ω(2)

k (0)− sC2k ≥ (C1 − cC2)
√

k = C1

2
√

k,

which gives after two integrations in s that

Ωk(s) ≥ Ωk(0) + Ω′
k(0)s + C1

4
√

ks2.

Furthermore, (53) shows Ωk(0) = Ω′
k(0) = 0. The lower bound is thus obtained. The

upper bound is similarly obtained by observing

Ω(2)
k (s) ≤ Ω(2)

k (0) + sC2k ≤ (C ′
1 + cC2)

√
k. □

Proof of Proposition 4.8. Step 1. Let us check that (56) holds asymptotically as k →∞.
To this end we use straightforward computations of the double differentiation of (53),
which gives

Ω′

k(s) = h′
k(
√

1− s)hk(
√

1 + s)
2
√

1− s
− hk(

√
1− s)h′

k(
√

1 + s)
2
√

1 + s

Ω(2)
k (s) = −1

4
h′′

k(
√

1− s)hk(
√

1 + s)
1− s

− 1
4

hk(
√

1− s)h′′
k(
√

1 + s)
1 + s

+1
4

h′
k(
√

1− s)hk(
√

1 + s)
(1− s)3/2 + 1

4
hk(
√

1− s)h′
k(
√

1 + s)
(1 + s)3/2

+1
2

h′
k(
√

1− s)h′
k(
√

1 + s)√
1− s

√
1 + s

,

so that evaluating at s = 0 gives

2Ω(2)
k (0) = −h′′

k(1)hk(1) +
(
hk(1) + h′

k(1)
)
h′

k(1).

We now recall classical formulas on the Hermite functions:

−h′′
n + x2hn = (2n + 1)hn and h′

n =
√

2nhn−1 − xhn. (58)

This allows the rewriting

2Ω(2)
k (0) = 2khk(1)2 +

√
2khk−1(1)

(√
2khk−1(1)− hk(1)

)
=
√

2k
[√

2k(hk(1)2 + hk−1(1)2)− hk−1(1)hk(1)
]

. (59)

Using (39) and (38) we obtain

Ω(2)
k (0) ∼

k→+∞

√
2

π

√
k.
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Step 2. Next, in order to check that (56) is also true for the small integers, it is sufficient
to prove Ω(2)

k (0) > 0 for any k ≥ 1. For this end, we notice the elementary inequality
√

2k(x2 + y2)− xy =
(√

2k − 1
2

)
(x2 + y2) + 1

2(x− y)2, ∀(x, y) ∈ R2

≥
(√

2k − 1
2

)
(x2 + y2).

As a consequence of (59), we see Ω(2)
k (0) ≥ 0. Moreover, the equality Ω(2)

k (0) = 0 would
imply h′

k(1) = hk(1) = 0 but since hk is a non-zero function satisfying the second order linear
differential equation given in (58), the linear Cauchy theory implies (hk(1), h′

k(1)) ̸= (0, 0).
Therefore, we get the positivity of Ω(2)

k (0) and hence (56) holds for all k ≥ 1.

Step 3. It remains to prove (57). Writing uk(s) = hk(
√

1 + s) for s ∈
[
−

√
3

2 ,
√

3
2

]
, we may

differentiate (53):

|Ω(3)
k (s)| = |u(3)

k (s)uk(−s)− 3u
(2)
k (s)u′

k(−s) + 3u′
k(s)u(2)

k (−s)− uk(s)u(3)
k (−s)|.

Owing to the triangle inequality, (57) will follow from the fact that for ℓ ∈ {0, 1, 2, 3} and
for all k ≥ 1 the following inequality holds

sup
|s|≤

√
3

2

|u(ℓ)
k (s)| ≤ cℓk

(2ℓ−1)/4. (60)

Note that (38) gives ∥hk∥L∞(−M,M) ≲ 1
k1/4 for any fixed constant M > 0 which implies the

case ℓ = 0 of (60).
The cases ℓ ∈ {1, 2, 3} are then the consequence an application of the Faà di Bruno formula
for the differentiation of composition of functions as indeed one can observe that the
derivatives of s 7→

√
1 + s are bounded on the fixed interval s ∈

[
−

√
3

2 ,
√

3
2

]
and the fact that

(58) and the bound in the ℓ = 0 iteratively imply the bounds ∥h(ℓ)
k ∥L∞(−M,M) ≤ c′

ℓk
(2ℓ−1)/4

for suitable positive constants c′
ℓ. □

We are now ready to prove (16). Let us assume that |x − y| ≤ c√
n
, where c is given by

Proposition 4.7, in particular s ≤ c√
n

thanks to (52).

Let us now use the formula (54), incorporating (55) and applying Proposition 4.7. This
allows us to write

ed,n(x, x)− ed,n(x, y) ≃ s2 ∑
(k,ℓ)∈N⋆×N

k+2ℓ=n

√
kBd(ℓ).

From (52) and (37) we may bound from below:

ed,n(x, x)− ed,n(x, y) ≳ |y − x|2
∑

⌊ n
4 ⌋≤ℓ≤⌊ n

3 ⌋
(n− 2ℓ) 1

2 ℓ
d−3

2 ≳ n
d
2 |y − x|2.

For the upper bound, the argument is completely similar (upon considering the eventual
term ℓ = 0 containing Bd(0) = 1) as one can write

ed,n(x, x)− ed,n(x, y) ≲ |y − x|2
(√

n +
∑

(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

√
kℓ

d−3
2

)
.
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The conclusion follows by bounding separating the contributions k ≤ n
3 and k ≥ n

3 in the
above sum in order to obtain ∑

(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

√
kℓ

d−3
2 ≲ n

d
2 .

Appendix A. Proof of Theorem 1.1

For the convenience of the reader, we give elements of the proof. We recall the following
classical result5.

Proposition A.1. Let us fix p ∈ [1, +∞) and a sequence (un)n∈N in Lp(Rd). Then the
following two statements are equivalent:

i) the function
√∑

n∈N
|un|2 belongs to Lp(Rd).

ii) the Gaussian series ∑ gn(ω)un almost surely converges in Lp(Rd),

Proof. From the Kahane-Khintchine inequalities (see [MP81, page 44]), it is known that
ii) is equivalent to the convergence of the Gaussian series ∑ gn(ω)un in Lq(Ω, Lp(Rd))
(whatever is the choice of q ∈ [1, +∞)). The natural choice is obviously q = p. We then
write for any positive integers n2 ≥ n1.∥∥∥∥ n2∑

n=n1

gn(ω)un

∥∥∥∥p

Lp(Ω,Lp(Rd))
=
∫

Ω

∫
Rd

∣∣∣∣ n2∑
n=n1

gn(ω)un(x)
∣∣∣∣pdxdP(ω).

The Fubini-Toenlli theorem and the Khintchine inequalities ensure that the previous term
is equivalent to ∫

Rd

( ∫
Ω

∣∣∣∣ n2∑
n=n1

gn(ω)un(x)
∣∣∣∣2dP(ω)

) p
2
dx

which equals: ∫
Rd

( n2∑
n=n1

|un(x)|2
) p

2
dx

We then easily obtain the equivalence between i) and ii). □

Let us outline the proof of Theorem 1.1. Due to Proposition A.1 and the definition (5) of
fG,ω

n , the assertion i) of Theorem 1.1 is equivalent to the following finiteness:∫
Rd

(∑
n≥1

∥fn∥2
L2(Rd)

dim(En)

dim(En)∑
k=1

φn,k(x)2
) p

2
dx < +∞,

namely ∫
Rd

(∑
n≥1

∥fn∥2
L2(Rd)

dim(En) ed,n(x, x)
) p

2
dx < +∞.

In the present paper, we were mainly concerned by the spectral function ed,n on Sd × Sd

(see Proposition 1.4). We however need information about ed,n(x, x) for x belonging to Rd

5We also refer to [LT79, Theorem 1.d.6, Corollary 1.f.9] in the natural context of Banach lattices of
finite cotype (Rademacher series and Gaussian series have the same behavior).



ALMOST SURE UNIFORM CONVERGENCE OF RANDOM HERMITE SERIES 29

as in [Ime18, Proposition 4.1]. In order to reach the condition the assertion ii) of Theorem
1.1, we just have to follow the computations of [Ime18, pages 340-341].

Appendix B. Proof of Lemma 4.4

We start by showing that (45) is a consequence of (44). To this end, note that the left-hand
side of (45) is a continuous function with respect to α, which tends to 0 as α → +∞
thanks to (44).

The triangle inequality shows that the left-hand side of (45) takes values strictly less than
the value for α = 0: ∫ 1

0

(1− t)β

√
t

dt.

As a consequence of a compactness argument, we obtain (45) for a suitable constant
ε(α0, β) ∈ [0, 1).
Our main task is now to prove (44). First, we change variables t← t2 so that∫ 1

0

cos(α
√

t)√
t

(1− t)β dt = 2
∫ 1

0
cos(αt)(1− t2)βdt

=
∫ 1

−1
cos(αt)(1− t2)βdt. (61)

We opt for an elementary argument6 and start by writing

β = ⌈β⌉ − ε with ε ∈ [0, 1), (62)

and ⌈β⌉ being the least upper integer of β. For any t ∈ (−1, 1), ρ = ±1 and any couple
(k, ℓ) ∈ N2 satisfying 0 ≤ k ≤ ℓ, we note the elementary differential inequality

|{(1 + ρt)β}(k)| ≤ Cβ,ℓ|1 + ρt|β−ℓ

6We shall not follow the following way but we have already remarked that (61) can be expressed with
the Bessel functions (see [Sze75, (1.71.6)]):

√
πΓ(β + 1)

(
2
α

)β+ 1
2

Jβ+ 1
2
(α)

and then their asymptotic could be used, as a black box, to derive (44).
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which may be combined to the generalized Leibniz rule in order to get∣∣∣∣∣ dℓ

dtℓ
{(1− t2)β}

∣∣∣∣∣ =
∣∣∣∣∣

ℓ∑
k=0

ℓ!
k!(ℓ− k)!{(1− t)β}(k){(1 + t)β}(ℓ−k)

∣∣∣∣∣
≤ Cβ,ℓ(1− t2)β−ℓ. (63)

The general idea is now to perform ⌈β⌉ integrations by parts. In the sequel, we shall note
℘ = ± cos or ℘ = ± sin so that these integrations by parts read∫ 1

−1
cos(αt)(1− t2)βdt =

(
− 1

α

)⌈β⌉ ∫ 1

−1
℘′(αt) d⌈β⌉

dt⌈β⌉{(1− t2)β}dt. (64)

Note that in these integrations by parts, all the boundary terms vanish because (63)
implies dℓ

dtℓ{(1− t2)β}(±1) = 0 for all integers ℓ < ⌈β⌉.
Let us us split the integral in right-hand side of (64) as the sum of the two following
integrals:

Iα :=
∫ 1− 1

α

−1+ 1
α

℘′(αt) d⌈β⌉

dt⌈β⌉{(1− t2)β}dt,

Jα :=
∫
[−1,−1+ 1

α ]∪[1− 1
α

,1]
℘′(αt) d⌈β⌉

dt⌈β⌉{(1− t2)β}dt.

Due to the factor 1
α⌈β⌉ in (64) and to the formula (62), proving the bound (44) boils down

to showing

|Iα|+ |Jα| ≲
1

α1−ε
.

The term Jα can be bounded by taking advantage of the parity (or imparity) of the
function, using the triangle inequality, |℘′| ≤ 1 and (63):

|Jα| ≤ 2
∫ 1

1− 1
α

∣∣∣∣∣ d⌈β⌉

dt⌈β⌉{(1− t2)β}
∣∣∣∣∣ dt ≲

∫ 1

1− 1
α

(1− t)β−⌈β⌉dt.

Finally, (62) gives us |Jα| ≲ 1
α1−ε for α→ +∞.

The term Iα is handled using one more integration by parts:

Iα = 1
α

[
℘(αt) d⌈β⌉

dt⌈β⌉{(1− t2)β}
]1− 1

α

−1+ 1
α

− 1
α

∫ 1− 1
α

−1+ 1
α

℘(αt) d1+⌈β⌉

dt1+⌈β⌉{(1− t2)β} dt.

Using the triangle inequality and incorporating the bound (63) with ℓ = ⌈β⌉, we can write

|Iα| ≤
C

α1−ε
+ C

α

∫ 1− 1
α

−1+ 1
α

∣∣∣∣∣ d1+⌈β⌉

dt1+⌈β⌉{(1− t2)β}
∣∣∣∣∣ dt.

If ε = 0, namely β = ⌈β⌉, the last integral involves a polynomial that can be uniformly
bounded on [−1, 1] and we reach the expected bound C

α
.
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For the last case 0 < ε < 1, we again use (63) with ℓ = 1 + ⌈β⌉ to conclude

|Iα| ≤
C

α1−ε
+ C

α

∫ 1− 1
α

0
(1− t)−ε−1 dt

≤ C

α1−ε
.

The inequality (44) is thus proved.

Appendix C. Proof of Lemma 4.5

We recall that from the Euler-Maclaurin formula on comparison of series and integrals we
can write for any f ∈ C1(R,R) and any integers q ≥ p:∣∣∣∣∣∣

q∑
ℓ=p

f(ℓ)−
∫ q

p
f(t) dt

∣∣∣∣∣∣ ≤ |f(p)|+ |f(q)|
2 + 1

2

∫ q

p
|f ′(t)| dt.

Step 1. We first explain the proof of the following asymptotic

∣∣∣∣ ∑
(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

F (a
√

k)√
k

ℓβ −
∫ ⌊ n−1

2 ⌋

1

F (a
√

n− 2t)√
n− 2t

tβdt
∣∣∣∣ ≲ nβ log(n). (65)

For any t ∈
(
0, n

2

)
, we define f(t) = F (a

√
n−2t)√

n−2t
tβ and differentiate

f ′(t) = −aF ′(a
√

n− 2t)
n− 2t

tβ + F (a
√

n− 2t)√
n− 2t

βtβ−1 + F (a
√

n− 2t)
(n− 2t) 3

2
tβ.

Since F is assumed to be bounded and Lipschitz and a belongs to a compact subset of
[0, +∞), we obtain

|f ′(t)| ≲ tβ

n− 2t
+ tβ−1
√

n− 2t
+ tβ

(n− 2t) 3
2
.

The left-hand side of (46) reads
⌊ n−1

2 ⌋∑
ℓ=1

f(ℓ), so that the above considerations lead to

∣∣∣∣ ∑
(k,ℓ)∈N⋆×N⋆

k+2ℓ=n

F (a
√

k)√
k

ℓβ −
∫ ⌊ n−1

2 ⌋

1

F (a
√

n− 2t)√
n− 2t

tβdt

∣∣∣∣
≲

1√
n

+ nβ +
∫ ⌊ n−1

2 ⌋

1

(
tβ

n− 2t
+ tβ−1
√

n− 2t
+ tβ

(n− 2t) 3
2

)
dt.

Remembering the condition β ≥ −1
2 and cutting the integral following t ≤ n

4 and t ≥ n
4 ,

we may control the upper bound as follows to get the expected result:

O
(

1√
n

+ nβ + nβ log(n) +
( 1√

n

∫ n
4

1
tβ−1dt + nβ− 1

2

)
+ nβ

)
= O(nβ log n).
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Step 2. Looking at (46) and (65), it remains to prove the following asymptotic∫ ⌊ n−1
2 ⌋

1

F (a
√

n− 2t)√
n− 2t

tβdt− nβ+ 1
2

2β+1

∫ 1

0

F (a
√

nt)√
t

(1− t)βdt = O(nβ log(n)). (66)

After making the change of variable t← 1− 2t
n

, the left-hand side becomes∫ ⌊ n−1
2 ⌋

1

F (a
√

n− 2t)√
n− 2t

tβdt−
∫ n

2

0

F (a
√

n− 2t)√
n− 2t

tβdt

which is clearly equal to

−
∫ 1

0

F (a
√

n− 2t)√
n− 2t

tβdt−
∫ n

2

⌊ n−1
2 ⌋

F (a
√

n− 2t)√
n− 2t

tβdt. (67)

The first integral in (67) is immediately bounded as follows because F is bounded and β
satisfies β > −1:∣∣∣∣∣

∫ 1

0

F (a
√

n− 2t)√
n− 2t

tβdt

∣∣∣∣∣ ≲
1√

n− 2

∫ 1

0
tβdt = O

( 1√
n

)
.

For the second integral in (67), we bound and compute∣∣∣∣∣
∫ n

2

⌊ n−1
2 ⌋

F (a
√

n− 2t)√
n− 2t

tβdt

∣∣∣∣∣ ≲
∫ n

2

n−4
2

tβ

√
n− 2t

dt

≲ nβ
∫ n

2

n−4
2

dt√
n− 2t

= 2nβ.

The last two estimates imply (66) thanks to the condition β ≥ −1
2 .
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