Normal forms for semilinear
superquadratic quantum oscillators

Rafik Imekraz!

Université de Nantes, Laboratoire de Mathématiques Jean Leray UMR CNRS 6629
2, rue de la Houssiniere, 44322 Nantes Cedex 3, France
url : http://perso.crans.org/imekraz

Abstract

On the real line, we consider nonlinear Hamiltonian Schrédinger equations with the
superquadratic oscillator —d?/dx? + %P + n(x) + M, where p is an integer > 2, 7 is
a polynomial of degree < 2p such that inf(2?” + n(z)) > 0, and M is a multiplier (i.e.
simultaneously diagonalized with —d?/dz?+x?P+n(x)). A previous article ([11]) contains
the case p = 1 in R%. Here we deal with d = 1 but we authorize any superquadratic
potential. Under generic conditions on M related to the nonresonance of the linear part,
such a Hamiltonian equation admits, in a neighborhood of the origin, a Birkhoff normal
form at any order. Consequently we deduce long time existence for solutions of the
above equation with small Cauchy data in the high Sobolev spaces. As spectral analysis
(spectrum and eigenfunctions) of the linear part is not explicit, we use Helffer-Robert and
Yajima-Zhang’s results ([13, 21]) to understand asymptotic behavior of both spectrum
and eigenfunctions.

Keywords: Nonlinear Schrodinger, Normal form, Superquadratic potential,
Hamiltonian

1. Introduction

We are interested in understanding dynamical behavior of the solution of the nonlinear
Hamiltonian Schrodinger PDE :

100 = (= gz + V(@) + M)t + 029(4,9) (t,z) eR xR
Yjemo = o € H*
where we define N := N\{0}, Z := Z\{0} and the following notations :

(1)

(A) V(z) is a superquadratic potential, i.e a positive polynomial of degree 2p > 4. We
denote T := — % + V(z), (¢;);>1 the eigenfunctions of 7' and (););>1 the positive
increasing eigenvalues.
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(B) The natural Sobolev spaces H® := Dom(T*/2) = {f € H*(R),zP*f(z) € L*(R)}
based on T" are endowed with the norms || - || 5. (see Section 2.1).

(C) k> 1is integer and (m;);>1 is a sequence which takes values in [—1,1]. Let Mj, :

L?*(R) — L*(R) be the unique bounded linear operator such that My, = %gbj

(D) The holomorphic map g : C2 — C vanishes in (0, 0) with order > 3, and g(&,€) is
real for all ¢ € C. For instance, if g(&1, &) = £62€3 then da9(€, &) = €[¢)2.

(E) The product space [—%, %]N is endowed with the canonical product measure when
each [—1, 1] is itself endowed with the Lebesgue measure.

Our main result concerns almost global existence in high Sobolev spaces :

Theorem 1.0.1. For any an integer k > 1, there is a full measure set Fy, C [—%, %]N such
that if m € Fy, (the generic case), for allr > 3 and s > 1 large enough, if € := ||¢o|| 5. <

1 then the PDE (1) admits one and only one solution 1(t,x) = 3,5, 2;(t)¢;(z) in the
space CO((—Ce=",+Ce™"), H®). Furthermore, we control for |t| < Ce™"

[t Mlg. <26, and Y Xllz (0 —|2(0)]° < C<°

Jj=1

Remark 1.0.2. Dynamically, the last inequality means ¥(t,-) stays near an infinite
torus |z;| = |2;(0)].

Remark 1.0.3. We can obtain the same conclusion if g is only holomorphic in a neigh-
borhood of (0,0). In fact, the only thing we have to check is that dag(v(t,x), (¢, x)) is
defined if |t| < Ce~". Indeed, when s is large, this is a consequence of the inequality
[[0(t, )| < C(s)||(t, )| 7. which ensures that ag(v, 1)) is defined.

Our method has been developed by Bambusi ([5]), Bambusi-Grébert ([3, 4]) and
Faou-Grébert ([10]) for PDEs on torus, by Bambusi-Delort-Grébert-Szeftel ([2]) for the
semilinear Klein-Gordon equation on S¢, and by Grébert-Imekraz-Paturel ([11]) for the
semilinear quantum harmonic oscillator on RY, see also a previous work of Bourgain
([8])- In all these previous situations, spectral analysis is important. As in [11], we deal
with PDE on noncompact manifold. As the potential grows at infinity, spectrum of linear
part is pure point.

In Theorem 1.0.1, it is important to remark that we control behavior of solution when
the initial condition is regular (s large). Furthermore, the class perturbation dag(1),)
is very large. For instance, we may choose focusing and defocusing cubic perturbation
+[1|?9. Remark also in the defocusing situation and V(z) = 2??, it is well known that
there is a global solution in H?! because the following energy is bounded

(2, 1%, = / Ay (t,2) 2 + [2P0(t, ) Pdx

The set F}, is created to avoid resonances of linear part.



Let us explain the abstract model. The main idea is to transfer the PDE (1) to the
space CO(R, £5(Z)), where

((Z) =z €Ch lellsi= D Az)2 < o0
J

with the help of the following isomorphism

r,: H° = ((N) c(Z)
Zuy‘%‘ = (ug)i> = (=) <1, (ug)>1) @)

In other words, we define

Gt w) = z(ei(x)  Vi=1 z5(t) = 2(t)

i>1
The PDE (1) becomes
B zi = fiazi_j(HngP) = —iw;z; fiaz—i
vjeN . . ) 3
J 2y = g (Ho+P) = iwjzj+igs )

where the free Hamiltonian and the nonlinear perturbation read

Ho(2) = Swizzj,  P(2) = / 0| S 5050, e s0i@) | de (@)

3>0 3>0 3>0

Actually, the two differential equations (3) will be redundant because of the assumption
(D). With a natural symplectic structure on £5(Z), (3) becomes

2'(t) = iXpgyrp(2) = iXn, (2(1) +iXp(2(t))

where X g, 4 p is the symplectic gradient of Hy+ P. Notice that (Hy+ P)(2) is conserved.
As H) is quadratic, X, is linear, thus we prefer to see the last equation as

2(t) = exp(itX g, )2(0) + /0 exp(i(t —t") Xp,)iXp(z(t"))dt

The crucial fact is that the flow exp(it X g, ) stabilizes £4(Z) and X p takes values in £,(7Z).

A well known fixed-point argument shows local existence in the space C°((—T, T), B(2(0),¢)).
To prove long time existence and dynamical consequences, we use a Birkhoff normal form
procedure. Precisely, we prove that there is a symplectic transformation 7 on a neigh-
borhood of 0 € £4(Z) such that (Hy + P) o7 = Hy+ Z + R, where Z will be in normal
form (i.e. only depends on the actions z;z_;, see Section 3.3) and || Xr(2)||s < C||z][}.
Here the following is important : Xz maps £5(Z) to £4(Z).
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The Birkhoff normal form procedure needs to create a model of perturbation which
contains of course P and some polynomials in normal form.

When expanding g with its Taylor series in (4), the integrals-products of eigenfunc-
tions appear. In our model, the following estimate

SN N
scmjg< o _) (5)
J2

A 2)‘j3 +>‘j1 - A

] [ onte) oy

plays an essential role for arbitrary N and j; > --- > ji. In some sense, these integrals
explain how different modes interact together via the nonlinear term. For instance, those
integrals of products are also present in [11] which deals with the harmonic oscillator on
RV :

i0y = (=A+ [[2]]* + M)y + 029(¢), ) (6)
In that case, the eigenfunctions ¢; are Hermite functions. Analogue estimations occur

in [19], where Wei-Min Wang shows the stability under the time dependent perturbation
V' (quasi-periodic in t) and small § :

1
—i0, = 3 (—A+2%) +6V(t,z)
The eigenfunctions of harmonic oscillator —j—; + 22, i.e. the Hermite functions, are

very nice because it is possible to compute exact values of integrals (see [20]) and we
know that the eigenvalues are exactly the odd integers. In our case, eigenfunctions and
eigenvalues are not explicit.

To obtain estimate of integrals (5), we use a commutator lemma (a bit sharper than
in [5] because we need to control degree of some polynomials, see Lemma 2.3.1), and
spectral information of T'. Indeed, for p,r > 2 we have the following asymptotic for some
o(r,p) € R (see [21] or Theorem 2.4.1 in the present article)

| llzr ~= o)

To compare with the Lebesgue norms of Hermite functions, we use in [11] that one has
o(00,1) < 0 [14, 18]. Furthermore, we have
2p/(p+1 2p/(p+1 2p/(p+1 2p/(p+1
c|j1p/(p ) _j2p/(p )‘ <IN, = Al < O|J1p/(p ) _j2p/(p )‘ (7)
That means essentially the differences of two eigenvalues do not accumulate to zero.

Notice that (7) is not a simple consequence of the Weyl formula \; ~ 32°/P+1 indeed we
need a precise asymptotic behavior

A= 30j2p/p+1 + 51j(2p—1)/p+1) L sz,ljl/(”“) + Bap + 0(1) (8)

This has been obtained for large class of 1d differential operator in [13]. The estimate
(7) is also helpful to ensure the existence of the full measure set Fj, this set is defined
by a nonresonance condition.

This article is organized as follows : in Section 2, we develop all the spectral infor-
mation that we need. In Section 3 we define the abstract model, i.e. all the polynomial
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classes and prove estimates on them in view to make work a Birkhoff normal form pro-
cedure. In Section 3, we just check that the abstract model is adequate for our purpose.

To finish this introduction, we want to notice the analogue problem seems to be hard
for the multi-dimensional case because we do not have a similar asymptotic (8). For
instance, we do not know if the following equations in R? admit almost global existence
in the high Sobolev spaces and for generic bounded operators M:

i) = (=A+ (2 +23)* + M)+ [Y]*y
i) = (=A+at+as+ MY+ Yy

Whereas the eigenvalues of the multi-dimensional harmonic oscillator are just explicit
sums of finite odd integers (see [11] for almost global existence).

2. Spectral analysis

2.1. Sobolev spaces and distribution of eigenvalues

Let S(R) be the usual Schwartz class. We define the Sobolev spaces which are natu-
rally based on the differential operator T = fd%;lg + V(z). First of all, the next results
are well known (see for example [6] chapter 2.3, Theorems 3.1, 3.3 and Corollary 1)

Theorem 2.1.1. The differential operator T : S(R) — S(R) is essentially self-adjoint.
Its spectrum is an increasing real sequence (\;);>1 which tends to 400 and Ay > 0.
Furthermore, there is an orthonormal basis (¢;)j>1 of L*(R) such that

a) ¢;=¢;

b) ¢; € S(R),

c) To;=2A;d;,

d) each eigenvalue \j is simple.

Notice that d) holds because we consider a 1-dimensional case. Now, we define the
Sobolev spaces based on T'. In fact, all spectral data we need are asymptotic. Recall

that we can directly define the operator T%/2 by Ts/quj = )\;/2@.

Definition 2.1.2. For all s > 0, we define

H® = Dom(TS/Z) = f= Zaj¢j € L*(R), Z)‘}?|O‘j‘2 < 400

jz1
1/2

Vi=Y ae e O [[fllg. = | D Alayl?

Jj=1 Jj=1

Remark 2.1.3. As each ¢; lives in S(R), the Schwartz class is dense in H*.



Denote D = d/dx and (z) = /1 + 22, let us define :

(=iD)*u(x) = (Id — A)**u(z) = (21) " /Re“”g(l +&)u(g)de

Thanks to [22], we have the useful theorem :

Theorem 2.1.4. For all s > 0, the following norms are equivalent on He :

1/2
)

W) u=53% a0, (Il + D))
b) [[(iD)*ullzz + [|{x)P*ul| Lz,

¢) [lu(@)L2 + |le*u(z)|| L2 + [P u(2)]] L2,
) |Jullms + [JaP*u(@)|| 2

For convenience, we may call || - || 5. any previous norm.

PrROOF. The a) and b) norms are equivalent because of Lemma 2.4 of [22]. The
equivalence of b), ¢) and d) norms is clear because of the usual Sobolev space. O

Remark 2.1.5. The space H¢ is a Hilbert space.

2.2. Asymptotic distribution of eigenvalues

We need a precise behavior description of the differences A;, — A;, when j; and js
tend to +oc0. In fact we have

Proposition 2.2.1. Denote p = ﬁ, there are ¢,C > 0 such that

Vit > g2 =1 c(ii? = 337) < A1 — N2 < CGT — 537)
The usual Weyl formula (see [17, Theorem XIII.81]) gives us
2
N(E) :=Card(j > 1, \; §E):—/ VE —-V(x)dx
27 J{a,V(@)<E}

A scaling  — 2 E/?P shows N(FE) ~ cE'/?P. Consequently, we have
A =P (9)

Unfortunately this is not sufficient to prove Proposition 2.2.1. That is why we have to
know an asymptotic expansion of the sequence A\; when j goes to infinity.

Theorem 2.2.2. (Helffer-Robert) Consider k,p € N, and V a real polynomial of degree
2p which satisfies liirn V(z) = +oo, if (Aj);>1 is the eigenvalues-sequence of the differen-
tial operator —d?* /dz** + V (z) on L*(R), then there is a sequence (b;);>o with by > 0
such that one has the following asymptotic expansion
A~ (G + o) kp)/ (pHR) Z bi(j + o)~ PtR)
i>0
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PROOF. Theorem (2-2) of [13] (page 858) reads

)\5 p+k)/(2kp) j+0’ Zb/ j+0') i/(p+k)
>0

with some sequences (b});>0 and b > 0. Then our asymptotic expansion is obtained by
composition with the function x s 22%P/(P+%) around bj). ]

We prove Proposition 2.2.1 by choosing k = 1 in the last theorem, hence
\j = boj? + B PP D/ oy 52p_1j1/(1>+1) + Bap + 0(1)
Consequently, for all j1, jo > 1, the difference |Aj1 — A2 is greater than
2p—1

2 7, 1 (2p—1 1 . .
bo(j17 — j37) §j|@u P/l G| R(j1) — R(j2))|

where hgl R(j) = 0. For j; > ja large enough, we have
j—+oo

bo(ji? — j37) > ¢ > |R(j1) — R(ja)|

So we just have to control the other terms. Recall that, for all w € (0,1), the map

x — z'/% is convex on (0, 400), thus if j; > jo then
25(1—
J2p _ ]2 | d(xl/w) (jQﬁw) _ 2LD(l w)
‘]21)0.1 J;pw| - dI’ 2 w

Let us choose w such that 2pw lives in {(2p—i)/(p+1),i € [[1, 2p—1]]}, and we understand
that there is some J > 1 such that the following holds :

Vi1 > jo > J Aj1— Ajo > C(jfﬁ*jgzﬁ)
Recall that \; ~ j2” and Proposition (2.2.1) comes with the two facts

Aj1— Aj2 i1 — Aj
n>J2g2 (i a ]2p) Izin>gz (517 — j5")

The same proof shows

A1 — Aja < C(j7F — j2P)

2.3. Commutator Lemma

Like in [5], we will show a commutator lemma. In this part, the map u : N3 — R
satisfies the next conditions, for all n € N, € [0,n] and 8 € [0,2n — o] :

i) (0,0,0) =0,
i) u(n,o,B) <uln+1,a,p3),
111) u(n,a,ﬁ) S ’LL(’I’L + 17aa6 + 2)a



) u(n,8) < u(n+ Lo, f+1),
v) u(n,a,B) <un+1l,a+1,8+1),

vi) u(n,o,8) <uln+1l,a+1,p5),

)
vii) if 1 <k <athenu(n,o,f8)+1<uln+l,a—k7p).

The condition vii) shows u must not be zero. For instance, we may choose u(n,a, §) =

3(n — a). But for our purpose we will use

2n—a—f

u(n, . B) = =

(10)

It would be relevant to find the minimal u which satisfies the above mysterious con-
ditions because of the following lemma :

Lemma 2.3.1. Let T = —A +V be a differential operator on S(R), where V is a
polynomial of degree d € N, and a € C*(R,R) such that

YneN Jec>0 la™ (2)| < e(1 + |])°
The operator Ag : f — af is well defined on S(R). By induction, we define the operator
Vn €N Apnt1=A,T-TA,
Then we have

a) A, is a differential operator of order < n, and precisely

n 2n—o
A=Y | Y Vapnad® | D (11)
a=0 \ B=0

and Vg is a polynomial of degree < (d—1)u(n, o, B). Furthermore the coefficients
of Va,pn depend only on o, B,n and V.

b) If ¢ and ¥ € S(R) satisfy Tp = Ao, T = wp and X # p, then

1
Si
A — p|"

/R a(e)p(z)p(z)de

/R (An) () () de

PROOF.

a) The assumption on the derivatives of a proves that Ay is well defined on S(R). Let
us see the first differential operators, for all f € S(R), we have T(f) = —f + Vf,
then

AL(f) = aT(f) = T(af) = o f +2d'f'
Ay(f) = 2V +a W) f +4a®) f' + 40 P

Az(f) = VP +8V P e 161703 1) f+ 4V P/ +12V"a? +6a®)) f'+12aW fP) 1823 &)
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A(f) = @'V 4204 412V a2 1 12(V")2a(2) 4+
32V 3 a3 4 32V @™ +12V7a) 4 a®) f
+(8v< )a + 40V 3 a? 180V 2B +48V"a® + 8a(M) f/
+(8V®a' +32V@a? +48V"a® 4 24a(®) (2
+32a®) ) 4 160 f

For instance, we check that the degree deg Vi, g, is less than @(Qn —a — f) for

the first computations. Let us see the general case by an induction.

We have Ay = a, the polynomials are constant, their degrees are less than (d —

1)u(0,0,0) = 0.

Let us assume that A,, has the form (11). We have to compute A,y :
Apy1=—A,0A+AcA, +A,V-VA,

The part —A, o A+ Ao A, will contribute to rise the derivation orders but will not

increase polynomial degrees, whereas the other part A,V — V' A,, does the contrary.

Let us begin with —A,A + AA,, for all f € S(R) we have

n 2n—o

A, (fO) + N =33 (Vs a(ﬁ)f(a))(2) Vg na® et

a=0 =0
The summand is linear combination of the five terms

V(2 (ﬁ)f(a Va5, a(B+2)f(a) G (ﬁ+1)f(0¢)7 Vaﬁ,na(ﬁ"‘l)f(a"'l) V’ 5)f(a+1)

a) k) a7 7n

The conditions 0 < o < n and 0 < 8 < 2n — « prove that —A, (f®) + (A, ()@
is indeed a polynomial combination of a(® f(® with0 < a <n+1and 0 < g <
2n —a+2 =2(n+ 1) — a. Furthermore, we must check on the five terms that the
degree polynomial coefficient of a(®) f(@) is less than (d — 1)u(n+1,, 3). In fact, for

each term we have
v Lal®) fe < deg(Vagn) < (d— Du(n,a, B) < (d— Du(n+ 1,0, B)
Vaﬁ,naw“)f(a) Vagn) < (d—1u(n, o, f) < (d—1)u(n+1,a, 8+ 2)

Vg naPHD) flatl) deg(Vapn) < (d—1Du(n,a,B) < (d—Nu(n+1,a+1,8+1)

= ( )
= ( )
Vé,ﬁ’naw“)f(a) = deg(V) 5,) <deg(Vapn) < (d—1Du(n,a,B) <(d-1Nu(n+1,a,8+1)
= ( )
= ( )< (d—1u(n,a,B) < (d—Du(n+1,a+1,5)

V;ﬁ,na(ﬁ)f(a“)

By that way, we can see that the new polynomials V,, g ,+1 depend only on the last
polynomials V, g, and V. Now, let us compute A4,V — V A,.

n 2n—o

(VA =VAL) = 3 Vapaad® (VH® -V )
a=0 ,3 0

— zn: $ Vo gnal® ((Vf)(a)—vﬂa))
a=1 =0

@



This time, the summand is a linear combination of V,, g,V ®a(® f(e=k) for k € [1, a].
Hence, A,,(Vf) — VA, (f) is polynomial combination of a(® f(®) with a € [0,n] C
0,n + 1] and 8 € [0,2n — a] C [0,2n + 2 — a]. As above, we have to check in
A (Vf) =V A,(f) that the polynomial coefficient of a(®) f(*) has a degree less than
(d — Du(n + 1,a,8). Tt is sufficient to look at the term V, g,V *a(P) fla=F) if
kell,q] :

deg (Va,5,V®) < (d—1u(n,o,B) + (d—1)

(d—Du(n,a—k,B)

IN

Again, the new polynomials depend only on the last polynomials and derivatives of
V.

b) The operator T is clearly self-adjoint, and then

[t = [z~ [ (010 = 0= [ (Ao

The conclusion comes with an easy induction.

2.4. Some bounds of eigenfunctions and product functions
Recall that V(z) has degree 2p > 4. Theorem 1.5 of [21] (page 576) explains the
asymptotic behavior of eigenfunctions in the Lebesgue spaces :

Theorem 2.4.1. For all v € [2,00] and p > 2 there is o(r,p) > =+ such that

8p
sl = Crpjo )

with o
2<r<4 = o(rp) %(;*g)ﬁo
4p—2
<rsim s o) =5(-7)(1-5)-1<0
w2 <r<oo = onp)=3(1-Y)(1-4)-1z0

In particular, we have o(r,p) < % ( — i) - i.
The Holder inequality leads to the following easy corollary.

Corollary 2.4.2. For eachp > 2, k > 3, there is y(k,p) > 0 such that for all j1 > -+ j
we have

< Cj3 (12)

/R b3 (@) -+ b5, (2)de

4;’_22 and r3,...,rr > 2 such that %—I—%—F%-F"'—Fizl

PROOF. Choose r; =1ry <

Consider v := (k — 2) (% (1 — i) - %) and apply Holder’s inequality to dominate the
left of (12) by

L™

k
v [ 165,

1=3

i < Cj3

|15,

|¢j2|
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Lemma 2.4.3. For all f € S(R) and a,b € N, s > 0 we have

12 f P g < Cls,a,D)If | gasarnio

PrROOF. With the help of the ¢) norm of Theorem 2.1.4, we can show that the case
s = 0 is sufficient. This particular case is an easy consequence of Weyl calculus. The

db
pseudo-differential operator x¢ —bOT_a/ 2p=b/2 is hounded on L(R) because of Calderén-

x
Vaillancourt Theorem ([7]): the following map has bounded derivatives
l’afb
(1 + 52 + V(z))a/2p+b/2

Hence, there is C'(a,b) > 0 such that

(z,8) —

< +o00

2 f P2 < C(a,b)|| T2 2 f|| 2 < C(a,b)]|f]] Gapso

Proposition 2.4.4. For all s > % and f,g € H* we have frg € L>®(R) and

fallgs < C)UIflg-llglloo + £ 7:119]lo0)
In other words, H° is stable by product.

PROOF. We have H® C H® C L™ and H® C L? (R), thus the following inequality holds
(see [1, page 98, chapter 2, Proposition 2.1.1])

Fgllas < CG)UI I a=lglloe + [1f1loollgllze)
And finally,

fallge = IS gllas +[l2 f(@)g(@)l|L> < C(s) (I f]] 1

9lloo
O

9lloo 1 s 1lgllo0) + 11| 772

Theorem 2.1.4 and the estimate (9) let us understand ||¢;||5. < Cj*P. Theorem
2.4.1, last proposition and an easy induction lead to

Corollary 2.4.5. There is some n(p) > 0 which depends only on p, such that for every
Jjs > > Jkx € N, we have

.sP+
194, Giullge < kKC()g5" ") (13)
Now we check that a holomorphic functional calculus is possible on He.

Proposition 2.4.6. Consider s > %, f,g¢€ H* and K : C? — C a real analytic function
which vanishes in (0,0) :

K(&,&) = > alny, ... )G g

(n1,...,na)EN*\{(0,0,0,0) }

Then, K(f,g) is well defined in H* and equals the map x — K(f(z), g(z)).
11



PROOF. By bilinearity and Proposition 2.4.4, there is C(s) > 0 such that

vige H* |lfgllg. < COIf g9l

Theorem 2.1.4 shows that H* is invariant by f — f and 1fllz. = [Ifllz.- Hence,

the following series converges uniformly on bounded subsets of H* x H® for the sub-
multiplicative norm C(s)|] - || 7. :

K(f.g):= > a(ny,...ng) fMf gneg
(n1,.eey n4)€N*\{(0,0,0,0)}

As s > %7 the convergence in H* implies the convergence in L*°(R). That means
K(f,g) equals the map
@ > a(n, . na) f(2)" @) " g(@) (@)™ = K(f(2), 9(x))
(n1,...,n4)EN*\{(0,0,0,0)}
O
2.5. Integrals of eigenfunctions products
Recall that p = ﬁ € (%, 1). We can now give an estimation of eigenfunctions

products.

Proposition 2.5.1. For all p > 2,k > 3,N > 1, there are v = v(p,k) > 0 and
C(k,N,p) > 0 such that

VjeNk

/ 6i1(z) - dn(x)dz| < C(k, N, p)EAGN (14)
R
where j1 > jo > ... > jr and

) (j243)P
A() = 25 2p
(J293)P + J1° — Ja

Remark 2.5.2. This estimate generalizes the one we obtained in [11] for Hermite prod-
uct integrals.

Remark 2.5.3. Thanks to Proposition 2.2.1, it is not hard to see
2.V ¥
cA(j) < L < CA(j)
V /\jz /\ja + /\jl - /\jz

PROOF. For convenience, p will not appear in the constants. We now consider two cases.

° jfﬁ—jgﬁ < (jogs)P. Tt is clear because A(j) > % and Corollary 2.4.2.
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o (j2js)? < jfﬁ—jgﬁ. In particular j; > js.
We introduce the operator A : f — af where a = ¢;, - - - ¢;,. Lemma 2.3.1 let us see

’/R¢j1"'¢jkd33 = ’/ (Adj, )b

< WHANQSJQHL?

N 2N—«

< o 3 Vo (D7) (D92l
J

a=0 B=
N2Na

1
VVE: > |[VasnDPal|poe || D $jo | 2

i1 — A\
‘]1 j2 a=0 B=0
N 2N—-a«a

C

< o L 2 VasnDalinlID0s s
J a=0 B=0

Lemma 2.4.3 and the inclusion H!(R) C H? (R) give us

‘/ i1 Pjrdr
R

N 2N—-«
A=A Z Z Ha'HHlJrBJr(l/”)degVaBNHd)JQHHa
j

a=0 B=0
& o
IAj1 — Aj2|N aco,N],8€[0,2N~q]

A

||Cl| |Ifll+ﬁ+(1/p) deg Vo 3 N ||¢j2”]/_ja

Now, remember Proposition 2.2.1, estimate (13) and ||¢;|| 5. < CjP, hence

(»)
C(k, N) 3 B +(deg Va5 x)/(p+1) 0P
dx Z M3 a,B,N P
‘/ g1 - Pk ‘_ (j2P — j2PN ae[[ONﬂnﬁlgﬁ(OQN a]”? /2
(15)
Lemma 2.3.1 implies deg V, g n < %(QN — a — (). Considering now v = n(p) + D,
we get

(?5_]221) N /‘bjl"‘(bjkdx‘ < C(k,N)j¥ m%xjpa]p/3+(21v a—p)(2p—1)/(2p+2)

R b
< CO(k,N)j¥ maxjpajﬂ/(2p+2)+(21v a)(2p—1)/(2p+2)
< , na
< C(k,N)j¥ max B 2N —)2p/ (2p+2)

. ﬁa
< C(k,N)js 2PN max (]2>
« J3

< C(k,N)j§ (j2js)PN

Recall that (jojs)? + j22 — j2P < 2(j% — j,?P), hence we get (14).
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3. Abstract Model

3.1. Discretization of PDE
For convenience, we recall that N = N\{0} and Z = Z\{0}.

Definition 3.1.1. We endow [—%, %]N with the natural product Lebesgue measure.

Hence, for (m;);>1 € [—%, %] N, we consider M}, the unique bounded operator of L?(R)
such that My¢; = j~"m;¢;. Thus, the spectrum of T+ My, is of course w; := Aj+j~Fm;.
Let us introduce the space on which we will transfer the PDE (1).

Definition 3.1.2. We define £4(Z) the space of sequence (2j) ez such that
1/2
lzlls == | DLl | < +oo
JEL
We define by the same way £s(N).

Definition 3.1.3. A sequence which has the form (z,z) with z € £s(N) is called real.
Thus, we identify Ls(N) to a subset of ls(Z).

For each s > 0, Theorem 2.1.4 and \; ~ j%? show the map (2) is a bounded isomor-
phism, in particular it is a C*°-diffeomorphism. The method to solve the PDE (1) in the

space CO((=T,+T), H*) is to transfer it in the space C((—T,T), s(Z)) with the help of
z(t) = Ts(¢(¢,-)), in other words

Ytoa) = zO)e(x) V=1 Z55(t) = 2(t)

i>1
The PDE (1) becomes
iZz}(t) ijzj )¢ () + Dag sz(t)¢j($)7zz—j(t)¢j($)
§>1 j>1 j>1 jz1

Consider now the two functions on /4(Z) defined by (4). In fact, it is easy to check that
Hy is C* regular on (4(Z) for s large because w; is polynomially bounded. Proposition
4.0.4 will show that P is also C* for s large, and especially for each j > 1 we have

g [ 320650, 3 2 065(0) | = 3 0y(0) 22

Jj=1 Jj=1 Jjz1

dog ZZJ )b (z ZZ*J )b (x Z¢J 823

j>1 j>1 7>1

14



Consequently, (1) is equivalent to the ordinary differential equations

opr
Vj>1 iz, = wiz; + ——
J 773 Gz,j

But we must solve it in the space l4(N). In fact, as g is holomorphic and satisfies
9(&,€) € R, we can show the following condition (see the proof of Lemma 4.0.6)

Vé. eC 62‘9(675) = 819(5,5)

Finally, the previous remarks prove that solving (1) in the space C°((—T,+T), ﬁ ) is
equivalent to solve the following Hamiltonian system in the space C°((=T,T),¢%(Z))

B Zj = _iiaza,j (H() + P) = —wjzj — iiaz‘:
vVjeN . . . . 16
J zL; = za%j(Ho—i—P) = zwjz_j—kzg—ij (16)

Notice that the two equations are conjugate if z(0) € £4(N). Local existence is easy
(see the next subsection). The main objective of the rest of the article is to develop an
abstract model to solve (16) for long time.

3.2. Symplectic structure and Poisson bracket

We will always have s > 0, so £5(Z) C €o(Z). Now, let us recall some usual definitions,
we start with the canonical symplectic structure on ¢s(Z) which is given by the following
automorphism of ¢(7Z)

J: ((25)5<0, (25)5>0) = ((=25)5<0, (2-5)5>0)
Thus J2 = —Id and J* = J if £,(Z) is endowed with the canonical duality :
(2,2) = Z 2%
J€Z

If f:4s — Cis aregular map, then we define its gradient by the formula

Vo € b(Z) Yh e P(Z) (Vfg,h) = Z <af> h;

<\ 0z;
JEZ

Remark that without any condition on f, the gradient V f lies in £_(Z). The symplectic
gradient is just Xy = iJV . Notice that (16) becomes

Z(t) = iXp,4p(2(t) = iXn, (2(t)) +iXp(2(t)) (17)
As we said in the Introduction, we prefer to reformulate the last equation as
t
2(t) = exp(itX g, )z(t) + / exp(i(t —t") Xp,)iXp(z(t"))dt (18)
0

15



Proposition 4.0.4 will show that Xp takes values on ¢4(Z). As (exp(itXp,))ier is a
unitary group of £4(Z) (solve (16) if P = 0), thus (1) has local existence by a classic
fixed-point argument.

When it is possible, we define Poisson bracket for two regular functions f and g €

C'(¢5(2),C)) - o o o
Z g g

{9} = V5. IV < 0z 0z 9z, 0z

(19)

For instance, if Xy or X, takes values in £4(Z). For any solution z(t) of (16) and regular
test function ¢ : £5(Z) — C we have

d .
7 00) = (Vo9 2/ () = —i{Ho + P, 6 }(=(1))
As we see in (18), the map P must have a gradient which takes values in £,(Z), that

is why we give the following definition :

Definition 3.2.1. For each s > 0, H? is the class of functions F : £4(Z) — C holomor-
phic on a neighborhood of 0 which satisfy

Xp € C™®(Us,4s)

and if (Fy)k>0 is the F-polynomial Taylor sequence in 0, then
Fob=F=F=0

F, € C™(s,C) Xp, € C™(Us,Ls)

Finally, we recall a usual condition for regularity polynomial. A homogeneous poly-
nomial P on ¢4(Z) is by definition given by

P=> ¢z
k=0

where ¢y, is a continuous k-linear form on /(7).

Proposition 3.2.2. Consider P : {,(Z) — C a homogeneous polynomial of degree k > 1
which satisfies B
Vzel(Z)  |P(2)| < Ozl

then P : £,(Z) — C is of class C*. If furthermore P satisfies |1 Xp(2)||s < CJ)z||F1
then Xp : Us(Z) — U5(Z) is a C* regular map.

In fact, in the last proposition P is a holomorphic map (see [9] for polynomial regu-
larity or [15] for holomorphy).

16



3.3. The polynomial classes

Definition 3.3.1. A formal polynomial P on (2(Z) is in the class Ty, if it is homoge-
neous of degree k and can be written :

P(z)= Y. az, 7,
(1o i) €L
such that for all N > 0 we have
| < C(N)u(5)" AG)™
where we order (j1,--- ,jk) m (jF, -+, 75) such that |j{| > --- > |jf| and define

Ay
wld) =11 AU = e + iee = e

In fact, with this definition the formal polynomials of class T}, are regular.

Proposition 3.3.2. For each P € Ty, and s > (v + 1/2)/p, we have
[P(2)] < C(P)||2[

Consequently, P : £4(Z) — C is of class C> (and even holomorphic).

PROOF. Like 0 < A(j) <1 holds, we deduce

IP()] < C(N) D uli) |zl -+ |2l

k
Hljzl |2jil

JEL

IA
Q
5

kHz 1|

< o) Z = Hm 2
k Hz 1 |
1/2 1/2
1 - 128
] Dr e B D3N | L
ez ITiz 1iil ez =1
k/2
1
< O Y rmmm | Al
~— ||
JEL
The conclusion comes with Proposition 3.2.2. g

Unfortungtely it does not seem that the condition P € T}, implies that Xp takes
values in ¢4(Z). Furthermore, the classes (T, )r>3 does not seem to be invariant by the
Poisson bracket. That is why we introduce a new class of polynomials T,:' Y

17



Definition 3.3.3. A formal polynomial P on {4(Z) is in the class T,:'V if it is homoge-
neous of degree k of the form :

Pl2)= > az,7,

. Lk
(J1s+ 25k )EL

and if for each N > 0, we have :

)" AN

] < O g

S() = 13" = 131"
Lemma 3.3.4. If j,l are two multi-indexes, we call A(j,1) := A((j,1)) the number ob-
tained with the multi-index (j,1). Here, if | € Z, we have

1[AG, D) < Clif]
Proor. If |I| < 2|jf], then it is clear because A(j,1) < 1. If |I] > 2|55| > |71] > |75], we

have N
k|| % |\D <

it
__ Wilbs)? o Wi o o W
Gl + e =g = e = Cypr

% |2D
. J
AG,D) = i il

The Cauchy-Schwarz inequality leads to the easy following lemma :
Lemma 3.3.5. For each s >0, z € ls,,(Z) we have
> 1il°lz51 < Cllzllssyp
kezZ
For this new class, there is no loss of regularity.

Proposition 3.3.6. Consider k>3, v >0, s> (v+3)/p and P € Tl:fu. We have

i) P is C* regular;

it) The map Xp is reqular from £s(C) to £s(C), precisely for each z € €4(Z) we have

1XP(2)l]s < O[5

PROOF. Point i) comes from the inclusion T,;fl, C Tk, (see Proposition 3.3.2). Let us
prove ii). We only consider the case k > 4, but the same method gives the case k = 3.
We choose N = ps + 1 in the T,j ,, definition, a computation gives us

op
821

14+ 5(5,1)

. k-1

L DVA(, DN
< kC Z MWJ“%J
JEZ

(g, )" AGG, DN
k x (k_ 1)'0 Z szl T gk

IN

711> > gk -1l

18



Now recall Lemma 3.3.5

k—4
op p, )Y A, DY
P < C Z|Zj\ Z WVﬁ%%
j€Z 711> 521> N ’
_ 1, )" A, 1)
< COll=|l5 _ Z ‘ W‘Z‘h%%l
l711>1521>153]
Thus
Xp(2)l|2 = s ——
X = S |2
1eZ
2
- ps p(i, D) A, DY
< OB WP | Y St
= S = 14505,
lezZ [711=1421>17s]
Define the following sets and maps for each [ € Z
L =3 . . .
() = {(r.d2.d3) € Z ", |1l = |72 = l7sl, 2] = |1}
L =3 . , . .
D) = {U1,d2,03) €Z7, |1l = |j2] = s, 1] > [z}
s N MO DTAG DY
TZ(Z) = W’ Z 1+S( l | J1HZJ2HZJ3|
Q;(1)
Consequently, we aim to prove
YT < 28, ie{0,1} (20)

ez

First, we deal with the case i = 1. We use Lemma 3.3.4 and the fact A(j,1) <1 < |ja|/|!]

Ti(l) < C Y UP |52l A D) 25, 24025

Q1 (1)
< C Z ‘l||j1|sp_1|j2|VA(jﬂl>2|2j1’zj2zj3‘
Q1 (1)
< O Y 1l 2 2
@)
< O APz Y 1Y 1l
Nz J2€Z j3€Z

Now call Lemma 3.3.5 to get (20) for i =1 :

Ta(l) < el
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Let us deal with the estimate of T (). Remark that A(j, 1)V < A(j,1)P* < C|5;[P*|1|~P*
and that j3 does not appear in A(j,1), we get :

s J2|” A1)
L) < oup: mZ'fLS 212

1517|2512 2]
Cl|z ||SZ Jall<j2 /2]

<
- 1 2p _ |]|2p
P
AN
< Cllele Y lznllinl” :
2 Pl D T
|1 [P |Z |
< Cll i
me iz
N 2
1l
T()? < Oz - T
2 el 2 T =T
€L J1

Now, if we decompose (I,71) € 7’ on the diffeirent subsets =N x £N, we see four con-
volution products (or discrete Fubini) of (|j1|*?z;,) € ¢2 with ((1+ |j1])~?P)) € ¢!, thus
(20) holds for i = 2. O

Finally, we define now the normal form polynomials class :

Definition 3.3.7. For all j € N, we call the j-th action I; : {5 — ZjZ—j.
For each even integer k = 2m, a homogeneous polynomial Z on Ls(Z) is said to be in
normal form of degree k if we have

Z(z)= > bl I,
JeN\{o}™

Notice that for each map f : €,(Z) — C we have {I;, f} = i(2;0., — 2—;0._,) [,
in particular if f is a polynomial in normal form then {I;, f} = 0. Following [11]
(Proposition 2.13,iv), we have the following crucial fact.

Proposition 3.3.8. Consider k > 3, v > 0, there is v = v(s) such that if s > v and if
Z € Ty, is in normal form. The map Xz is C*™ from £s(C) to £5(C).

3.4. Poisson bracket estimate
Thus, the same proof as [11] (Lemmas 2.19 and 2.20) gives us the following lemma
because the analogue of A(j) is exactly

V17373
V0351 + 1551 = 1531
Lemma 3.4.1. For eachi € ZF,j € Z* .1 € Z, we have
A, 1)2A(i,1)* < CA(i, j)
max (p(j, DAG, D7, (i, DA, DY) < Cu(i, )7
20




Proposition 3.4.2. Consider kyi,ke > 2, v1,v5 > 0. There is v := v(vy,15) > 0 such
that the Poisson bracket (P,Q) — {P,Q} is well defined from TI:—H vy X Thyt1,0, to

Tk1+k2»1/'

Proor. Consider M >0, N :=2M + % and N/ :=2M + 1+ %. We assume

: ” p(i)" AN
P = a; 20t -t a;| < C(N :
;JA J I]‘— ( ) 1+S(j)
JjE€
Q= Z bjzjl R Ib;] < C(N/)M(j)V2A<j)N/
jezk2+1
We have
{P7 Q} = Z Ci,jZir """ Rigy g1 """ Ry
(i,§)€Z*1t*2

N(jvl)ul s \N - . \N’
R Py Ty )2 A
el £ 3 13 5 A W0 A

Now, just write

S e (0 AG0M7)” (D AGDYP) (AGDAG, D)

leijl < ‘
= 1+ 53,0
A1) . .
< N (vi+v2)/p M
< C ZGZZ 56T (i, §) A(i, j)

The conclusion will come with the following inequality

A(i,l . \2p
Zl—F(S(j),l) < C,U(Zv])

1EZ
First, we have the obvious case
A(i, 1) 1 1
DEELGUE DI S LIS Dp et mupe
14+ 5(5,1) — 1 | — |1]]2P — 1+ |1|%P
st LSOO T Tl = PP
The second case will come with the inequality and two sub-cases :
A3, 1) )
— < A(i,l
2 Tisgp = 2 ACGD
[11<]551 [1<1551
a) |j5| < p(i, j). Like A(i,1) <1, we have 37,5, A(,1) < p(i, j) < p(i, ).

b) 13| > (i, ). Obviously, we have |ji| > |j5] > u(i,5) > |ii]. Thus

SOAGD = Y AGH+ D AGD <plig)+ > AL

[11<l153] URSEE ligI<[t<]53] [ [<|2[<53]
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In the last summand, we have

‘ (liyi3))P (i, §)%P
A,Lal: i = = B '\S B =
D) = TTaaane + % — e = T (U] - )%

S AGH )T Y e < Cu(i )7

1+ (Ji =it
lifI<lI<I33] iy L =120

3.5. Lie transform of T,jy

Definition 3.5.1. A map f : £s(Z) — C is in th class T, if there is some sg > 0 such
that

- for each s > so, [ is analytic on a neighborhood Us C £4(Z) of 0,
- 0 is a triple zero of f,

- for each k > 3, the k-th Taylor polynomial lives in Ty, ..

Let x be in TIJ%, we know that x lives in C*({s,C) if s is sufficiently large (see
Proposition 3.3.6). In particular, we can introduce the symplectic flow of x :

Vz el %@t(z) = X, (9'(2))
As [ > 3, a bootstrap argument shows that ®*(2) is well defined if ¢ € [0,1] and ||z||s < €
(for € small). And in fact, ®!(z) is analytic in z.
We say that the Lie transform ¢ := ®! of y is well defined. The map ¢ is relevant
because it is a symplectic map : the Poisson brackets are conserved. In other words, for
every maps A and B of class C*°, we have

{Ac¢,Bog} ={A,B}o¢

Definition 3.5.2. If F': {,(Z) — C satisfies F(z,Z) € R in a neighborhood of 0, we say
that F is real.

Proposition 3.5.3. Let x be a homogeneous real polynomial € Tl't; with § > 0,0 > 3.
And consider s sufficiently large.

i) The Lie transform of x is well defined and analytic in a ball B. = {z € l5(Z), ||2|| <
e} and takes values in Bo.. Furthermore, we have

Vz€ B [|¢(2) — z|ls < Cill2llS7t < Csllzl2

it) For each F € H*® with s > s1, Fo¢ € H®. If x is real then F o ¢ is also real.
iti) Considering P € T, , NH® with v > 0, n > 3 and r > n, we have

Po¢=Q,+R,,
22



- Q. is a polynomial (not necessarily homogeneous) of degree < r and lives in H*
and T, for some v’ >0,

- R, is a map who lives in H* 0T, for some v > 0, and admits 0 as a zero of
order > r + 1.

PROOF. i) For € > 0 small, Proposition 3.3.6 gives us sup [|X,(2)||s < Ce?. Recall
[Iz]]s<e

that ®°(2) = 2 and ||z|| < . A bootstrap argument let us show that ®!(2) is defined
when [t| < #Z, which implies || <1 when ¢ is rather small.

ii) The map F is C* on a neighborhood of ¢, (see Definition 3.2.1), so is Fo¢. Again,
Xp = iJVF € C®({s,ls) and d¢ is C* from ¢, to the space of linear bounded maps.
We check for z near 0

Xrop(2) = iV rog(2) = iJdPZ(VE(§(2))) = —ido (JVF(4(2))) = —iddZ(Xr(¢(2)))

Thus Xpog is C*° regular on a neighborhood of (l € {, and takes valuei to 4.
If y is real, ®' transports the real part of £5(Z), i.e. {(2,%),2 € £s(N)} in itself.
We want to get the Taylor polynomials of h(t) = F o &' around t = 0. We pose
FO = F and FFH] = {FIF ]} by induction. We can write
d
CH ) =X (@) )=z 2(0)=0
(1) = (Vo (o) F, Xy (2°(2))) = {F, X }ar (2)
Thus, an induction gives h(*)(t) = FI¥(®*(2)). The Taylor formula leads to
k tn+1

Zh — /0(1—u)"h”+1(tu)du

1
Fo¢(z Z FF (2 n' (1 —u)"FIr o &% (2)du

Define F), the k-th polynomlal Taylor of F in 0 and recall that deg{P, x} = (deg P +
deg x) — 2. Hence,

SRR 3
k=0
The last part is O(||z||"™!), so it does not contribute in degree. We end as in [11]

(Proposition 2.21)
iii) Let K be the integer part of -

y 1 1
§: F}”(z)—i—g/ (1 —w)"F o @4 (2)du
- JO
J'(

Ci+i =k

= 2 , we decompose Po ¢ =Q, + R,

K 1
1 1
Q=Y PH (@) Be= EA (1 —u)" P o &% (2)du
k=0 ’ ’

We have Pl = P ¢ T, By induction, Proposition 3.4.2 proves that P ¢ T k(—2),0
Asn+ K(1-2)<r<r+1<n+(K+1)(—-2), we understand that @, has degree < r
and lives in T,,. Furthermore, P+ ¢ Tt (k41)(1—2),0, for some v > 0, R, admits
zero of order > r 4+ 1 and lives in T,». Consequently, R, = Po¢ — Q, € H". |
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3.6. The normal form theorem

Now, we introduce the nonresonance definition.

Definition 3.6.1. A vector frequencies (w;)jen is nonresonant if for all v € N, there is
~v,8 > 0 such that for all j € N and i € [[1,7]] we have

11+ 5(5))
|wj1+”.+wji_wji-#l_..'_wjr‘276 (21)

except if {j1,-..,Ji} = {ji+1,--.,4r}. Here, S(j) is the same that in definition (3.3.3).

Now, we claim that the following holds

Theorem 3.6.2. For each k > 1, there is a full measure set Fy, C [f%, %]N such that

m;
for every (m;) € Fy, the vector frequencies ()\j + kj> 18 monresonant.
VS|

The proof of the previous theorem is the same as Theorem 5.7 of [12], we do not
repeat it in this article, in fact it only needs growth condition on the sequence (\;);>1 :

i) (Aj);>1 is positive and increasing,
ii) there are C'> 1 and 6 > 1 such that %je <A < Cjl,
iii) the set A :={\; — \js, (j,j) € N?} satisfies for some o > 0
VE>1 Card(AN0,t]) < Ct°
Point iii) means the differences A\; — A;; do not accumulate to zero and is a consequence
of Proposition 2.2.1. We also claim that the crucial normal form theorem holds :

Theorem 3.6.3. Let P be in H* NT, for s large and let Hy = Zj>1wjlj be a Hamil-
tonian with nonresonant frequencies w. The perturbation reads H := Hy + P. Consider
r > 3, there are two neighborhoods Uy and Wy of 0 € (2(Z) and 75 : Us — W, a real
symplectic diffeomorphism such that H o = Hy + Z + R with

i) Z is polynomial of degree < r, lives in H® and depends only on actions I;,
i) ReH® and || Xg(2)||s < C(s,7)||z||5 for each z € Us,
iii) ||7(2) — z||s < Csl|z||? for each z € Us.

The proof of Theorem 2.23 is the same as this of [11], and the reality of 74 means
7s((s(N)) C £5(N). Let us recall formally the idea of the proof for r = 3. Write P =
P34+ Py where Ps is the Taylor polynomial of degree 3 of P. First of all, we need to solve
the so-called homological, i.e. find some homogeneous polynomial

X = § q(J1:J2, J3)%j1 22 Zjs
J1,j2,53€Z
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of degree 3 such that X, lives in ¢4(Z) and Z := {Hp,x} + Ps is in normal form (so
depends only on the actions). Computing the Poisson bracket gives us

{Ho,x} =i Z (sg(J1)wj,| + 88(J2)wjy) +58(J3)w|j51)q(d15 J2, J3) 251 242 2
J1,52,53€L
Where sg(k) equals +1 if £ > 0 and —1 if £ < 0. As (w;) is nonresonant, we can choose
ip(j1, j2, Js)
s8(J1)wijs| + 58(J2)w)ja| +58(J3)w)|

q(J1,J2,J3) =

where of course P35 = " p(ji1, jo2,73)%j,2j»%j5 € T3,. The nonresonance condition (21)
implies that x lives in T;UM. As 3 is odd, we are able to eliminate all the terms of Ps,
thus Z := {Hy, x} + P5 = 0, but other terms could appear if we would have started with
r = 4, for instance zj, zj,2_j, 2—;,. As x lives in T;VH, we can define the Lie transform
¢ of x and we have

(Ho+ P)og(z) = Ho+Z+ (Hood— Ho— {Ho,x})+
(P30¢7P3)+P4O¢

Point i) of Proposition 3.5.3 shows that ¢ is near the identity map, and consequently the
three terms (Ho o ¢ — Hy — {Ho, x}), (P30 ¢ — P3) and Py o ¢ are less than ||z||? near 0.
In the general case r > 4, 7 is constructed by composition of canonical transformations
¢ for various real polynomials x € T,;f , which solve homological equations.

4. Perturbation regularity and conclusion

Theorem 1.0.1 is a consequence of Theorem 3.6.3, Lemma 4.0.6 and the fact that the
following nonlinear perturbation lives in H® N7, for s and v large.

veet® PG = [ Xa0ia) Y0 | do

§>0 §>0

Proposition 4.0.4. For s large, the map P : {(Z) — C is C*° regular and its gradient
takes values in (%(C).

PROOF. 4 The map P can be written

~

lysy3(Z) — H* x H* — H? — C

z (Zj>0zj¢jvzj>oz—j¢j> — 9(2j>ozj¢jazj>oz—j¢j) — P(z)

The first arrow is just I's, thus is a diffeomorphism. The third arrow is regular because
H* C L'(R) for s large. Let us prove the second arrow is regular. The analytic condition
on g leads to the expression

9(51752) == Z Olm,nginfg
m—+n>3
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Remembering the proof of Proposition 2.4.6, we understand the second arrow is uniform
limit of polynomials on each bounded set of H® x H® :

Py : (f1, f2) — Z O f1 [

m+n<N

Consequently, (f1, f2) — g(f1, f2) is holomorphic, hence C*, on He x H* (see [15] § 6
Proposition 4 and § 7 Proposition 3, or [16] appendix A Theorems 1 and 2).

¢ Let us deal with the gradient. As first and third arrows are linear, the gradient of P
comes naturally by linearization of the second arrow around a point (f1, f2) € H® x H®.
First, Taylor formula gives us three holomorphic maps G, G12 and G5 on C* such that
for each (&1, 1,2, x2) € C* we have

9(&1 4+ x1,& + x2) — 9(&1,62) = x1019(&1,&2) + Xx2029(&1,&2)+

XiG1 (6, X1, €2, x2) + xaxeGhra(€1, X1, €2, x2) + X5G2 (61, X1, €2, X2)
Hence, for ;Lvljz\; € 0 x ﬁs, Proposition 2.4.6 leads to

9(f1+ ha, fo + ha) = g(f1, f2) = hadrg(f1, fo) + hadag(f1, f2) + O(h1, Ml 5.)

Coming back to P, for all z and h € £(Z) we have

D2 ="y [ éstalong | 505600 3 2 g00) | dot (22)

j>0 3>0 j>0

+Zhj/R¢j($)529 > z6i(@),Y 2 i6(x) | do

§<0 §>0 §>0
Hence
2
VP, =Y 527 /¢j(f)519 D 20i(@), Y 2 i6,(@) | de| +
>0 R §>0 >0
2
S| [ 6s(@itag | 3 20100, 3 s5(a) | do
3<0 R 3>0 3>0
With the help of T', QTJ = ¢;, and Proposition 2.4.6, we conclude
2 2
VPl = {|01g [ D zei(a), Yy z—s05() ||| +[|02g | D 205(), ) 2ids()
7>0 7>0 s 7>0 7>0 s
O
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Now, we check the following
Proposition 4.0.5. For s and v large, the map P lives in H* N'T,.

PROOF.

Let us check that P € H°. We call P = ), ., P the Taylor decomposition of P.
As P is holomorphic, each Py is C*°. Thus, Xp = Y Xp, is holomorphic from £,(C) in
itself, so is each Xp,. Now, let us check Definition 3.5.1. Like g is holomorphic, for each

k > 3 there are holomorphic maps G1,-- -, Gi on C? such that
E+1
VéL,& €T g(&r, &) Z Z £1&5")01059(0,0) +Z§1£’“+1 ‘Gol&1, &)
r= 3

Remember Proposition 2.4.6 and the proof of Proposition 4.0.4, the Taylor polynomial
P, of P around (0,0) appears

4 r—~¢
1< -
= ﬁZafa? “9(0,0 / Z'zﬁba €] ZLJ%(@ dx
" =0 i>0 j<0
Zaﬁar ¢ 0 0 Z Zj1 Tt RjeR—jGegr T =g / ¢]1 (b], )
jeN"
Finally, we get that P, lives in T,., for large v thanks to Proposition 2.5.1. (]

To finish, as said in Section 3.1, the property g(z,Z) € R ensures the final lemma

Lemma 4.0.6. A solution z(t) of (16) is real, i.e. z;(t) = z_;(t), if and only if its
ingtial condition z(0) is real.

PROOF. Let D be the complex line {(¢,€),¢ € C}. The holomorphic map g satisfies
g9(D) C R. A differentiation gives us

V2,6 €C £019(2,2) + €Dag(2,2) €R

Consequently, d29(z,%Z) = d19(2,%Z). Thanks to (22), we have aap (z) = 28 (2). In other
words, the two equations of (16) are self-conjugate. O

Let us prove our main theorem. We apply Theorem 3.6.3 for r+2, let (2(t))ie(—1,.,70)

be a maximal solution of (17) in ¢4(Z) for s large. As 7 and 77! are defined on a
neighborhood of 0 € £4(Z) for ||£(0)||s < & we can define £(t) := 77(2(¢)). As T is real
symplectic, we have

§-(t) = &(1), §'(t) =iXn,4zrr(E(t))
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Let us define N(z) = ||2]|2 = 3,5, Ajzj2—; for all 2 € 0(Z). Let Ty, be the maximal

time in (0, Ths) such that ||¢(¢)[|s < 3¢ for ¢ € [0, T5;]. We have for ¢ € [0, T;]

NG| = [N, Ho + 2+ RYEW)] = [N, RY(E®D)
= | Z (&0 ;R — & ;(H)d_;R)|
1/2
< 2 (X xE0P] X,
< CpI < o

HIEDIE = [1€0)]12] Cter*?

IN

For t = T}, we get T, > Ce='=". Let us check what happens when ¢ € [0,Ce™"]. By
the same estimate seen above, we have

d
DNl = DXL, RHE) < Cem
j>1 Jj=1

Hence,
D_NIEGOP ~ 16(0)P] < Cte < O

i>1
Remember that ||£(t)||s < 2e. Point iii) of Theorem 3.6.3 leads to
vte[0,Ce7] l2(t) — £@)l]s < Cul[z(B)]]Z < Cue? (23)

Consequently, for small € we have ||z(t)||s < 2e. Finally, > is1 Ajllz ()12 — |2 (0)]?] is
less than -

DXl @OF = 1&OP+ Y X1E O = 16O+ D A5l1E(0)17 — 12(0))

Jj=21 j=21 Jj=1

The first and third sums are less than £* thanks to (23). Theorem 1.0.1 is proved.
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