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Abstra
tThe latti
e Boltzmann method is brie�y introdu
ed using moments. We use this methodto model di�usion problems. We have adapted a general methodology for equivalentequations to the expli
it determination of dis
rete gradient and �uxes for this problem.We validate this new approa
h with a detailed 
omparison with �nite di�eren
es. Weshow some results for an anisotropi
 test 
ase.Keywords : Latti
e Boltzmann Equation, Anisotropi
 di�usion problems.1 Latti
e Boltzmann s
hemeThe latti
e Boltzmann equation (LBE) is a numeri
al method based on ki-neti
 theory to simulate various hydrodynami
 systems. It uses a small num-ber of velo
ities; the Latti
e Boltzmann Equation (LBE) was derived byHiguera and Jiménez [HJ89℄ from latti
e gas automata of Fris
h et al. [FHP86℄.The LBE is a mesos
opi
 method and deals with a small number of fun
tions
{fi} that 
an be interpreted as populations of �
titious �parti
les". Thedynami
s of these �parti
les" is su
h that time, spa
e and momentum are
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retized. The �parti
les" evolve in a su

ession of 
ollision and propaga-tion steps on the nodes of a regular latti
e L parametrized by a spatial s
ale
∆x. This latti
e is 
omposed by a set L0 ≡ {xj ∈ (∆xZ)d} of nodes orverti
es where d is the dimension of spa
e. We de�ne ∆t as the time step ofthe evolution of LBE and let the 
elerity λ ≡ ∆x

∆t
. We 
hoose the velo
ities

vi, i ∈ (0 . . . q) su
h that vi ≡ ci
∆x
∆t

= ciλ, where ci are ve
tors 
onne
tingneighbouring nodes of L.For the sake of simpli
ity we 
onsider the parti
ular D2Q9 [dH92℄ model (i.e.
d = 2 two-dimensional LBE model with nine velo
ities q = 8). In this model,we 
hoose the velo
ities ci, i ∈ (0 . . .8) de�ned by: c = (0, 0), (1, 0), (0, 1),

(−1, 0), (0,−1), (1, 1), (−1, 1), (−1,−1), (1,−1).The populations fi evolve a

ording to the LBE s
heme whi
h 
an be writtenas follows [Du07℄:(1) fi(xj, t + ∆t) = f ∗
i (xj − vi∆t, t), 0 ≤ i ≤ 8,where the supers
ript ∗ denotes post-
ollision quantities. Therefore duringea
h time in
rement ∆t there are two fundamental steps: 
ollision and ad-ve
tion.

• In the adve
tion step the �parti
les" move from a latti
e node xj to eitheritself (with the velo
ity v0 = 0), one of the four nearest neighbors (with thevelo
ity vi, 1 ≤ i ≤ 4), or one of the four next-nearest neighbors (with thevelo
ity vi, 5 ≤ i ≤ 8).
• The 
ollision step 
onsists in the redistribution of the populations {fi} atea
h node xj. It is modeled by the operator subs
ript ∗ in (1) and is bestdes
ribed in the spa
e of moments mk [dH92℄. They are obtained by a lineartransformation of ve
tors fj:

mk =
∑

j

Mk jfj.Expli
it formula for Mk j 
oe�
ient is given in [dH92℄. Note that matrix M isinvertible. The moments have an expli
it physi
al signi�
an
e (e.g. [LL00℄):
m0 ≡ T is the temperature (density), m1 and m2 are x-momentum, y-momentum, m3 is the energy, m4 is related to energy square, m5 and m6
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 di�usion problems 3are x-energy �ux and y-energy �ux and m7, m8 are diagonal stress and o�-diagonal stress.To simulate di�usion problems, we 
onserve only the �rst moment m0 inthe 
ollision step and obtain one ma
ros
opi
 s
alar equation. For the otherquantities (non-
onserved moments), we assume that they relax towards equi-librium values meq
k that are nonlinear fun
tions of the 
onserved quantitiesand set:(2) m∗

k = (1 − sk) mk + skm
eq
k , 1 ≤ k ≤ 8,where sk ≡ ∆t

τk
is a relaxation rate (0 < sk < 2 for stability). The relaxationrates sk are not ne
essarily identi
al as in the so 
alled BGK 
ase [QHL92℄.The equilibrium values meq

k of the non-
onserved moments in equation (2)determine the ma
ros
opi
 behaviour of the s
heme (i. e. of equation (1)).Indeed with the following 
hoi
e of equilibrium values: meq
3

= αT, meq
4

=

βT, qeq
x = 0, qeq

y = 0, peq
xx = axxT and peq

xy = axyT and using Taylor ex-pansion [Du07℄ or Chapman-Enskog pro
edure [FHH87℄ we �nd the di�usionequation up to order three in ∆t:
∂T

∂t
− div(K∇T ) = O(∆t3),where K = (ki,j)1≤i,j≤2 is the di�usion tensor with k11 = λ2

∆t
6

( 1

s1

− 1

2
)(4+α+

3axx), k12 = k21 = λ2∆t
2

( 1

s1

+ 1

s2

− 1)axy and k22 = λ2∆t
6

( 1

s2

− 1

2
)(4+α− 3axx).These equations redu
e to the standard isotropi
 di�usion equation for axx =

axy = 0 and s1 = s2 = s, with the di�usion 
oe�
ient
κ =

λ2

6
∆t (4 + α)(

1

s
−

1

2
).With a given velo
ity �eld (vx, vy), if we take meq

1
= λvxT and meq

2
= λvyTthe LBE s
heme des
ribes the following adve
tion-di�usion [GdH07℄ equa-tion: ∂T

∂t
+ v.∇T − K∆T = O(∆t2).In this se
tion we deal with boundary 
onditions for latti
e Boltzmannmethod.We explain in detail how to re
onstru
t 
lassi
al boun
e-ba
k or anti-boun
eba
k boundary 
onditions using a general Taylor expansion proposed in[Du07℄. Let ∂Ω a boundary surfa
e 
utting the link between �uid node
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xb and an outside one xe ≡ xb − ∆x (see Figure 1).
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Figure 1. A boundary surfa
e 
utting the link between node xb (a �uidnode) and xe ≡ xb − ∆x (a �
titious outside node).Let fi(xb, t), i ∈ (0 . . .8) be the population at node xb and at time t. Afterthe 
ollision step distribution f ∗
3 (xb, t) has left the �uid and goes to the�
titious node xe. At time t+∆t we have to de�ne the unknown population

f1(xb, t + ∆t) whi
h 
omes from node xe and is equal to f ∗
1 (xe, t). So the
hoi
e of this population will determine the boundary 
onditions. Here we
onsider the 
ase of Diri
hlet boundary 
onditions at ∂Ω whi
h interse
ts thelink between xe and xb at xe + ∆x

2
.

• To have T (xe + ∆x
2

) on ∂Ω in the 
on�guration of Figure 1 up to order 1in ∆t we do the following s
heme:
f1(xb, t + ∆t) = −f3(xe, t + ∆t) + 1

36
(4 − α − 2β + 9axx) T (xe + ∆x

2
),

f5(xb, t + ∆t) = −f7(x2, t + ∆t) + 1

36
(4 + 2α + β + 9axy) T (xS),

f8(xb, t + ∆t) = −f6(x1, t + ∆t) + 1

36
(4 + 2α + β − 9axy) T (xN).By using moments and relation (1) we have:
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f1(xb, t + ∆t) = f ∗

1 (xe, t) =
1

36
(4m0 +

6m∗
1

λ
− m∗

3 − 2m∗
4 − 6m∗

5 + 9m∗
7)(xe, t),

f3(xe, t + ∆t) = f ∗
3 (xb, t) =

1

36
(4m0 −

6m∗
1

λ
− m∗

3 − 2m∗
4 + 6m∗

5 + 9m∗
7)(xb, t).We have the following development of non-equilibrium moments at se
ondorder on ∆t (as des
ribed in [Du08]):(3) m∗

k = meq
k + ∆t

(

1

2
− σk

)

θk + O(∆t2), k ≥ 2,where σk ≡
(

1

sk
− 1

2

) and θk is the defe
t of 
onservation de�ned by:
θk ≡ ∂tm

eq
k +

∑

j,α

Mk jMα j∂αf eq
j .The detailed expansion of these 
oe�
ients is given in [Du08℄ and is usedbelow. Now we 
onsider the quantities f1(xb, t + ∆t) + f3(xe, t + ∆t), andwe use the above identity and the di�erent expressions of the θk, we get:

f1(xb, t + ∆t) + f3(xe, t + ∆t) =
= 1

72
(4 − α − 2β + 9axx) (T (xe) + T (xb)) + O(∆t)

= 1

36
(4 − α − 2β + 9axx)T (xe + ∆x

2
) + O(∆t).To obtain the other identities we perform similar operations on the quan-tities f5, f6, f7 and f8. We note here that if we have homogeneous boundary
onditions (i.e. T (xe + ∆x

2
) = 0) we obtain 
lassi
al boundary 
ondition
alled �anti-boun
e ba
k". Note that Ginzburg [Gi05℄ proposes more elab-orate boundary 
onditions of higher order by using the Chapman-Enskogmethod.

• Gradient and FluxCompared to 
lassi
al numeri
al methods, the latti
e Boltzmann method usesmore parameters and variables. It turns out that in steady state situationssome of these variables 
an be used to determine the �rst and se
ond spa
ederivatives ∂T
∂xα

and ∂2T
∂xαxβ

in all nodes x ∈ L0, and the �ux along the interfa
e
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ontrol volume K.
• The gradient of the solution on the node xi at time t 
an be evaluated asfollows. By using Taylor expansions we get a general se
ond order expressionof non-
onservative moments:(4) mk = meq

k −∆t(
1

2
+σk)

[

θk − ∆t(σk∂tθk + σlΛ
ℓ
kα∂αθℓ)

]

+O(∆t3), k ≥ 1,where Λℓ
kp =

∑

j Mk j Mp j M−1

j,ℓ .To determine �rst order spa
e derivatives of T for the present di�usion prob-lem, we use equation (4) for moments m1 and m2:
m1 = −λ2∆t

(

1

2
+ σ1

) [

(4 + α + 3axx)

6

∂T

∂x
+ axy

∂T

∂y

]

+ O(∆t3),

m2 = −λ2∆t

(

1

2
+ σ2

) [

axy

∂T

∂x
+

(4 + α − 3axx)

6

∂T

∂y

]

+ O(∆t3).Similarly the determination of se
ond order spa
e derivatives of T is obtainedusing equation (4) for moments m3, m7 and m8:
m3=αT + ∆t2

(

1

2
+ σ3

)

λ2

[(

σ1

4 + α + 3axx

6
+ σ5

α + β − 3axx

3

)

∂2T

∂x2
+

+ (σ2

4 + α + 3axx

6
+ σ6

α + β + 3axx

3
)
∂2T

∂y2
+(σ1 + σ2 + σ5 + σ6) axy

∂2T

∂x∂y

]

,

m7=axxT + ∆t2
(

1

2
+ σ7

)

λ2

3

[(

σ1

4 + α + 3axx

6
− σ5

α + β − 3axx

3

)

∂2T

∂x2
+

+(σ6

α + β + 3axx

3
− σ2

4 + α − 3axx

6
)
∂2T

∂y2
+(σ1 − σ2 + σ6 − σ5) axy

∂2T

∂x∂y

]

,

m8 = axyT + ∆t2
(

1

2
+ σ8

)

λ2

3

[

(2σ2 + σ6)axy

∂2T

∂x2
+ (2σ1 + σ5)axy

∂2T

∂y2
+

+

(

σ1

4 + α + 3axx

3
+ σ2

4 + α − 3axx

3
+

+σ5

α + β − 3axx

3
+ σ6

α + β + 3axx

3

)

∂2T

∂x∂y

]

.
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 di�usion problems 7We note that we 
ould have used the 
ombination m5 and m6 for∇T and m4,
m7 and m8 for se
ond order spa
e derivatives. Note that applying the newmethodology with Taylor expansion instead of Chapman-Enskog one [dH92℄is original in this framework of di�usion problems.We show now that the latti
e Boltzmann method for purely di�usive prob-lems relates to 
lassi
al Fourier law. The mass �ux j is generally de�ned asthe amount of parti
les that 
ross an interfa
e at a given time instan
e. The�ux 
an be de�ned at the interfa
e (xS, xN) ≡ (SN) between two latti
enodes xe and xb ≡ xe + ∆x as (see Figure 1):
jSN(xe +

∆x

2
, t + ∆t) = λ (f1(xb, t + ∆t) − f3(xe, t + ∆t)) +

+λΨ1 (f5(xb, t + ∆t) − f7(x2, t + ∆t) + f5(x3, t + ∆t) − f7(xb, t + ∆t)) +

+λΨ2 (f8(xb, t + ∆t) − f6(x1, t + ∆t) + f8(x4, t + ∆t) − f6(xb, t + ∆t)) ,where Ψ1 and Ψ2 are two s
alars determined by:
1

∆x

∫

SN

div(K.∇T ).nSNdy = K11

∂T

∂x
(xI, t) + K12

∂T

∂y
(xI , t) + O(∆x) =

= −jSN(xI, t + ∆t) + O(∆x),where xI = xe + ∆x
2

(see Figure 1). If we suppose that ∂T
∂x

is 
onstant along
SN and with the help of Taylor expansion we obtain the �rst equality of theabove 
al
ulus. To �nd Ψ1 and Ψ2, we develop the quantity jSN by using (3),then we 
hoose Ψ1 and Ψ2 su
h that this quantity is equal to the normal �ux.In the 
ase of isotropi
 problems (i.e. axx = axy = 0), we �nd Ψ1 = Ψ2 = 1

2
.2 Numeri
al resultsFirst we have tested our s
heme for the following 1D problem: −Ku′′(x) = cin ]0, 1[, u(0) = u(1) = 0. We take periodi
 
ondition on y, anti-boun
e ba
k
ondition on x to have homogeneous Diri
hlet boundary 
onditions and thefollowing parameters: α = −2, β = 1, axx = axy = 0, s1 = s2 = 1.2, s3 =

1.8, s4 = 1.2, s5 = s6 = 1.5 and s7 = s8 = 1.3. The results 
on
erning the
ℓ2 relative errors between the exa
t a�ne solution u(x) = x(1 − x)c/(2K)and the solution 
al
ulated with the D2Q9 LBE s
heme shows se
ond ordera

ura
y.
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ond we have tested our s
heme for the following 2D isotrope di�usionproblem with Diri
hlet and Neumann bounday 
onditions: −K∆u = f in
Ω =]0, 1[2, u = u on ΓD, ∂nu = g on ΓN , where K is a s
alar, f = −2K,
ΓD ≡ {0}× (0, 1)∪{1}× (0, 1), u = 0 on {0}× (0, 1), 1−3y on {1}× (0, 1)and g = −3x on ΓN ≡ (0, 1)×{0}∪ (0, 1)×{1}. The analyti
al solution ofthis problem is: u(x, y) = x2 − 3xy. We take anti-boun
e ba
k 
ondition on
x to have Diri
hlet boundary 
ondition, boun
e ba
k 
ondition on y to haveNeumann boundary and the following parameters: α = −2, β = 1, axx =

axy = 0, s1 = s2 = 1.2, s3 = 1.1, s4 = 1.4, s5 = s6 = 1.5 and s7 = s8 = 1.5.The Figure 2 shows ℓ2 relative errors between the exa
t solution and thesolution 
al
ulated with the D2Q9 LBE, whi
h is se
ond order a

ura
y.
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mesh sizeFigure 2. The ℓ2 error between analyti
al solution and approximate one vsmesh size.We have also used our algorithm to solve the following anisotropi
 di�usionproblem so 
alled �oblique �ow�:
−div(K∇u) = 0 in Ω =]0, 1[2, u = u on ∂Ω.where K = Rθ diag(1, 10−3) R−1

θ , Rθ is the rotation of angle θ = 40 degrees,and u = 1 on (0, 0.2)×{0}∪{0}×(0, 0.2), 0 on (0.8, 1)×{1}∪{1}×(0.8, 1), 1

2on (0.3, 1)×{0}∪{0}×(0.3, 1), 1

2
on (0, 0.7)×{1}∪{1}×(0, 0.7).The Figure3 shows the approximate solution on regular mesh (151 × 151), 
al
ulatedby D2Q9 s
heme after 
onvergen
e (i.e. 5.105 iterations) with s1 = 1.3,

s2 = 1.8 and β = 1 (other parameter are �xed to have K as di�usion tensor).The value of the maximum of the approximate solution in the same mesh is
Tmax = 0.9984 and the minimum one Tmin = 0.0015. In Figure 4 (a) and



Using Latti
e Boltzmann s
heme for anisotropi
 di�usion problems 9
(b) we 
ompare ∇T 
al
ulated by 
entred �nite di�eren
e method and byusing moments m1 and m2 (�gure (a)) or by using m5 and m6 (�gure (b)).In Figure 5 we 
ompare ∂2T

∂xαxβ

al
ulated by �nite di�eren
es and by usingnon-equilibrium moments (m3, m7 and m8). Note that there are 9 × 1512unknowns in this problem but no matrix inversion is ne
essary with thisentirely expli
it s
heme.

Figure 3. Approximate solution on regular re
tangular mesh (151 × 151nodes). The gray s
ale of the �gure 
orresponds to a linear variation from 0(bla
k) to 1 (white).
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Figure 4. (a) Left �gure: ∂T
∂x

vs x, right �gure (b) ∂T
∂y

vs x at y = 1/2.
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Figure 5. Se
ond order spatial derivatives of temperature vs x at y = 1/2.
3 Con
lusionLatti
e Boltzmann s
heme is a very simple se
ond order a

urate method for�uid me
hani
s, thermal and a
ousti
 problems. We have obtained interest-ing results for a not trivial test 
ase. However, as it is a really unstationarymethodology, it is not extremely e�
ient to simulate ellipti
 di�usion prob-lems as it takes many time steps to rea
h a steady state. We have performedsimilar work in three spa
e dimensions based on latti
e Boltzmann modelsto simulate anisotropi
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