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Motivated by marine radar image processing, we investigate the accuracy of multiple relax-
ation time lattice Boltzmann schemes designed to simulate two-dimensional convection-
diffusion equations. The context of application requires to deal with non-constant ad-
vection velocity. Using Taylor expansions, instead of the widely used Chapman-Enskog
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expansions, we show how to control the accuracy of these schemes when deriving equiv-
alent partial differential equations. On the one hand, a third order analysis is conducted
on a scheme involving a constant advection velocity and no source term. First, this analysis
derives the stability region through the von Neumann analysis. Second, a numerical conver-
gence rate of three is obtained thanks to an appropriate choice of parameters. On the other
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Non-constant advection velocity
Radar image processing

hand, non-constant advection velocity together with non-zero source term, introduce addi-
tional terms at the second order. Regarding the targeted application, these extra terms are
shown to be negligible and experiments on real data show that such multiple relaxation
time lattice Boltzmann schemes are relevant for marine radar denoising and enhancement.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

Lattice Boltzmann (LB) schemes are obtained by considering Boltzmann’s equation with a discretized phase space. There
are essentially two ways to handle Boltzmann'’s collision operator when designing such schemes. The first one makes use of
the Bhatnagar-Gross-Krook (BGK) collision operator defined from an equilibrium distribution [2]. Alternatively, the collision
can be performed in a moment space by introducing several relaxation times. This second way leads to Multiple Relaxation
Time (MRT) schemes [8]. BGK schemes can be considered as a particular case of MRT LB schemes with a Single Relaxation
Time (SRT).

The LB methods are widely used for simulations, for instance in computational fluid dynamics, acoustics, thermals
or magnetohydrodynamics. In what follows, the focus is on the more specific and less frequently addressed problem
of simulating Convection-Diffusion equation (CDE) possibly with non-constant advection velocity and non-linear reaction
term [21,4,7,10,16,17,22,25]. In order to study the consistency of the corresponding LB schemes, one has to compute ex-
pansions from the discretized Boltzmann equation to obtain the so-called equivalent Partial Differential Equation (PDE)
that approximates the initial governing PDE up to a given order. The most used expansions are the Chapman-Enskog ex-
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pansions [5] that require to introduce various time/space scales. To skip handling these latter, one can use usual Taylor
expansions at the acoustic scale in the moment space [9]. In the following, this second strategy is adopted.

Although they appear more complex, MRT LB schemes have significant advantages over simple SRT LB schemes, which
explain their growing popularity. They include for instance cumulant [11] and entropic [14] LB schemes. They also allow
for better handling of boundary conditions [15] and physical quantities [8]. Their key feature used in this work is that they
are much more stable than SRT LB schemes, as illustrated in our specific application to marine radar image processing, see
also [20].

Actually, the design of LB schemes for image processing is still a widely open challenge. It is clear that their easy parallel
implementation for real time processing could improve many of PDE-based existing algorithms. We refer to [6,12,23,24,26]
for contributions using SRT LB schemes, and to [20] for the sole, up to our knowledge, contribution using a MRT LB scheme
in this context.

Let us explain briefly the way CDE are involved in marine radar image processing. The images to be processed are
Range-Doppler Map (RDM) which allow visualizing radar signals in the frequency domain. They are highly corrupted by an
interference noise, have low contrast, and the objects to be detected have no apparent contours. A first process is applied by
means of a Chan-Vese k-phase diffuses interface motion model to reduce the noise induced by the sea clutter, see [18] for
details. The advection velocity is then chosen to be the gradient of the resulting image, whereas the diffusion and reaction
are given by the Allen-Cahn equation [1]. The so-obtained PDE is used to improve the denoising with the diffusion, and to
enhance the signal of interest with the advection.

Let summarize the main contributions of this work as follows. We give an explicit derivation up to the second order
of the equivalent PDE of a governing CDE with non-constant advection velocity and non-zero source term. This derivation
is performed using Taylor expansions in the moment space of a MRT D2Q9 LB scheme. We give an explicit derivation of
the equivalent PDE up to the third order when the advection velocity is constant and there is no source term. From a
theoretical point of view, a suitable choice of relaxation times increases the scheme accuracy to order three. Using this
choice of relaxation times, we performed a von Neumann analysis to derive the stability region depending on the Péclet
number Pe, the Courant number Cr, and the time step At. Within the stability region, a numerical convergence rate of three
is obtained and validated thanks to an appropriate choice of LB parameters from a test case for which the analytical solution
is known. We propose a marine radar image processing algorithm implemented by means of a MRT D2Q9 LB scheme that
simulates a CDE to denoise RDM and to enhance the signal of interest. Experiment results on real data are presented and
validate the relevance of the algorithm. We also show that this kind of image processing requires the use of MRT instead of
SRT D2Q9 LB schemes, since the latter lack of stability.

This paper is organized as follows. Section 2 is devoted to recalls about MRT D2Q9 LB schemes. Section 3 contains the
derivation of the equivalent PDE up to the second order of a governing CDE with non-constant advection velocity and non-
zero source term. The particular case of constant advection velocity and null source term is detailed in Section 4 up to the
third order. Applications to marine radar image processing are presented in Section 5.

2. MRT D2Q9 LB schemes

The application to marine radar image processing presented later requires to simulate a two-dimensional CDE of the
form

DU+ (@ (@)U [ 1) - DAU (1) =5 (1), M)

with a constant diffusion coefficient D, possibly a non-constant advection velocity 17v(?<) and a non-linear source term
S (Tc t). The proposed LB scheme makes use of the D2Q9 lattice £ (see Fig. 1) defined by

0,0) i=0
=28 =1{(@&1,0), 0.£1) i=123.4 , 2)
(£1,+£1) i=5,6,7,8

where A = Ax/At is the numerical lattice velocity, and Ax and At are the space step of the lattice and the time step,
respectively. The discretized Boltzmann's equation with a forcing term writes [15]

FERHVIAL Vi t4+ At) = f*(X, Vi, t) + AtF (X, Vi, 1), (3)
or equivalently [9]
f@R, Vi t+ At) = f*(X — ViAt, Vi, t) + AtF (X — Vi At, Vi, t), (4)

where f* is the distribution after collision. Let us denote f; (X,t) := f (&, vi,t), Fi (X,t) := F, Vi, ), f:=(fo, f1,.--, f3),
and F := (Fg, F1, ..., Fg). The solution U (X,t) of (1) and the distributions f; (%, t) are related by
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Fig. 1. The D2Q9 lattice.

Table 1
D2Q9 equilibrium of non-conserved physical moments as function of the single conserved moment U.
Physical moment Jx Jy E Pxx Pxy qx dy X
Equilibrium raj, retj, Vo Aap, Azapxy Baj g, A3ozjy aq, AMay
8
URE) =D fi(xt). (5)
i=0

As mentioned earlier, MRT LB schemes deal with collision in a moment space [8]. Let us recall briefly how to define the
linear transform
M) =Mf(%t) < f&t)=M "¢ (6)

between moment vector m (7(, t) and distribution vector j‘(}, t). Regarding our specific application, the nine physically rele-
vant moments are the only one conserved moment U (?c t) together with the eight moments defined by

8
Jx (%.t) and jy (%, 1) Wlth] (x.t) Z

8 = 12 8
E(?(,t):Z| | fi(%. 1), pxx (%, =Z(vx ﬁy)fi(i,t) Py (X, ) = Zlev,yf,xt)

i=0 i=0

‘ 1”2 8 v

let

8
qx (%, t) and qy (X, t) withq (x,t) Z
i=0

: 7)

The matrix M of the linear transformation is determined by requiring that these moments can be written as lin-
ear combinations Y% o Pk (Vi) fi (%, t) with p; in R[X,Y]. Applying Gram-Schmidt orthogonalization, one obtains the

set of polynomials (po, p1,...,pg) defined by (1, X, Y, 3(X2+Y%) -2 X2 -YZ XY, X(3(X?+Y?)—512),
Y(3(X2+Y?)—522), 9(X? + Y2)2 /22122 (X2 +Y?) )2+ 4x4), and the matrix M defined by My ; = py(V;). The vector

F (?c t) = MF (?c t) is a forcing vector expressed in the moment space. Therefore, IFy, the kth component of Iﬁ‘ is the force
applied to the moment my, and Fy is the contribution of the source term S (?c, t). The collision in the moment space involves
different relaxation times s, and equilibrium moments m,iq and is described by the equation

mj; = (1 — s) my + smy”, (8)

for k=1,2,...,8. Choosing equal relaxation times leads to SRT LB schemes. This is precisely because one can choose
various different relaxation times for performing collision, that one can gain numerical stability (see for instance [20] for an
illustration in image processing). Following [13] and assuming s # 0, let denote

1 1
Op:=———=. 9
k Sk 2 ( )
Computing Taylor’s expansions up to the third order leads to

At? 32 AL 33 4
fit Aty fik S i+ S fi 0 ()
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I AL? . AP o -
=fi*—AtviT-Vfi*+TviT-H(f,-*)-v,-—?v V(viT-H(fi*)w,')
251 AL 44,4
+ AtF; — A2V V(F)—i-Tv CH(Fp) - v,+o(x At) (10)

where H denotes the hessian bilinear form. To obtain the searched equivalent PDE, Taylor's expansions are performed in
the moment space using (10). These expansions are done by assuming that the ratio Ax/At is constant, i.e. at the acoustic
scale, and consequently by assuming that a big O of A"At" = éx“ is also a big O of At". The aim is to compute some
expressions listed in Table 1, together with some components of IF, to approximate the governing equation (1) up to a given
order. Anticipating the computations detailed in the forthcoming section, Table 1 gives the expressions of the equilibrium
moments that are involved regarding the governing CDE (1). As in d’'Humiéres [8] or in Boghosian et al. [3], the equilibrium
values depend only on the sole conserved moment U ()?, t). Finally, these computations make use of the identity

R =2" - Mm%, 0). (11)
3. Second order equivalent PDE of a CDE

This section is devoted to the derivation of the equivalent PDE up to the second order of the MRT D2Q9 LB scheme given
by (4). Note that in this section, there is no assumption on the advection velocity which can therefore be a non-constant
vector field.

Proposition 1 (First order). The equivalent PDE up to the first order of the MRT D2Q9 LB scheme (4) is given by

DU Gt) 42V (@ (R)U (1) = Fo (%.0) + O (a0, (12)

Remark 1. According to (1), the source term S (%, t) is given by Fo (X, t). We underline the fact that the advection velocity
w (?c) is given by AQ; (?c) and thus is rescaled by A. Although this can be confusing, it makes the computation easier.

Proof. Equating zero order terms in (10) gives f; = f* + O (At). By using (6) and (8), one can easily check that

m =mj + O (At) =m? + O (At), (13)
fi=ff+0an=fT4+0(AD). (14)

Dealing with the first order terms of (10), the above equations imply that
3 8
Myt Aty =mj A My 0] -V [+ AtF + O (Atz) . (15)
i=0

Let us recall that mo =mg = mO =U (x t) and My ;V; = V;. Applying (11) to Z =V, and Z = Vv, gives

8
YoV V=V j=aV - (@ (%) U (%.1)). (16)
i=0
Replacing the above expression in (15) for k =0 leads to the result. O
In the sequel, let set 01 = 03, i.e. S = s, to guarantee an isotropic diffusion.
Proposition 2 (Second order). The equivalent PDE up to the second order of the MRT D2Q9 LB scheme (4) is given by
- a - > L -
O (A?) +Fo (%,t) = U042V (@ (R U (%.1))
) 32 1 5 - a2 1 9 - 32 -
—AtA%oq 32 \ % T 5%, () )+ 357 oy — S Up,— O, (x) +2—8x8y (pyy— @), (X) j, (X)) | U (%.1)

+A1 (X, t) + Az (. t) (17)

with
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M (Rt) = — MG - (U (20))(& () - & (7)), (18)
Ao () = B 25y (1) — Aty ¥ - (3 () Fo (1)) + 25 (% g g) , (19)

and where ] (& (X)) denotes the Jacobian of the vector & (X).

Remark 2. The extra terms A1 (X,t) and A; (X,t) come from the non-constant advection velocity and the non-zero source
term, respectively. The advection velocity w (X) is given by Ac; (x), the diffusion by the matrix

1

o + o o

AtAZo ( et 30y Pry > , (20)
Pxy O — fapxx

and the source term S (%, t) by Fo (%, t).

Proof. Equation (15) implies that

8
ar 2 a
my —my = At Z My v -V T+ Atgmiq — AtF, 4+ 0 (At2> = s (m! —my). (21)
i=0
Assuming s, #0 for k=1, 2, ..., 8, this leads to

a
— eq 2
my =my? — — (;{; My vl -V + atmk IFk) +0 (At ) (22)
- a
m; =m + At (1 - —> (Z Mii¥] -V 77 i ]Fk) +0 (Atz) . (23)
Equating second order terms in (10) gives
9 Ar? 92 i A2 S

eq T eqy =

My + Atoomy =2 amy =m} — AtIX(;Mk,v VfE +AtIFk+—12(;Mk, TH(FY) v
— At ZMkz Fi) +O<At3) (24)

With (16) and for k = 0, the above equality implies that
3 9 - e (F1(t)) A2 (St e 92
- - % , - - -
O (AC) +AtFo (%) = Atz-U (R 0)+A67 -]+ At V'(Fzgi,tD_T >V H() B - 55U (1) ).

The equations (12) and (23) allow computing the divergence of 3* to obtain

8 2 -
- o 1 N N 0 - d = -
v F=viea(i- ) (Zv?-H(ff")-w—atz”(""“atF‘)("’t)‘V@lg’iww(NZ)'

517 \i2o
(26)
Replacing the above expression in (25) implies that
a > 8 92
O (A2) +Fo (% 1) = SURD+2V-(@ (R)U (R.0)) - Atoy (z; VR Vi S5U R r))
i=
+ At (1 - i) %]FO (% t)+f—f%- (E: g g) 27)
Now, let focus on the second order term of this last equality. The Hessian writes
XS:VT-H(f?q)-T/-:XS:(V-Z a—2+2v- Vi 8—z—i—v-2 i)f?q (28)
il ! ' BX9x2 Y oxay T BYay2 )T
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Table 2
D2Q9 equilibrium of non-conserved physical moments as function of the single conserved moment U for CDE up to the second order.
Physical moment Jx Jy E Pxx Pxy
Tibri " " 2o o Ja®) 2 3)2 )2 2. (% >
Equilibrium raj, (X) A, (%) 1+ A A (otjX (®)" —aj, (%) ) 2aj, () aj, (%)

- -

Equation (11) applied to Z = vy - Vi, Z = ¥y - Vy,and Z=V, ! vy, where " denotes the Hadamard product, gives

S e = o 2 1 . 32 . 92 1 ,
Zvi H(fl )'Vi:)" W aE+5apxx U(X,t)-i-Z%(apny(x, t))-i—m g — Eapxx U(X, t) .

i=0
(29)
From (12), one obtains
ﬁu(& t)= —AV- &»(})iu(i t) +31F0(?< t) 4+ O (Al) (30)
a2~ \" AP TR at
R . B . - L .
=22V (a; (%) V- (& (X) U (%, t))) + . Fo (X, t) = AV -@; (%) Fo (%, t)) + O (Al) (31)
32 32 32
2 2 (3 v v (3 (3 ~ o 2 (3 -
= (ax (2 ®)U 1)) 250 (@ M e, AU R )+ 7 (@2 ®U(®10)
> - o oy o B . =L -
=V (U t)](@;(x))-a; (x))) + 2 Fo (%.t) —=AV - (@ (X) Fo (X.t)) + O (AD). (32)
Replacing (29) and (32) in (27), leads to the result. O
In the sequel, let set
S =12
aji(x . . - =
o = + M Qp, = ozjz-x (x) - ozjz»y (). ap, =0aj, (X)aj, (%), (33.a)

to ensure a constant and isotropic diffusion independent to the advection &; (?() and whose coefficient D is given by
AtA%oqa}, where o is a free parameter. Let also set

Fi=(1-3 ) aa, ®)Fo (% 1), Fa=(1-3)ra;, (®Fo (R.0), (33.b)

to cancel one of the additional terms arising from the non-zero source term. Consequently, we obtain the following equiva-
lent PDE up to the second order of the MRT D2Q9 LB scheme (4):

0(a2) +Fo(R%.0) = U (%0429 (& (®)U (%.1)) - Ati%e01 AU (R, )

- - o ey o o At 9 -
— AoV - (U (%, 6)] (@) (%)) - & (%)) + 5 5. Fo (.0). (34)
Table 2 gives the equilibrium of the non-conserved moments that have to be chosen to obtain (34). The other moments,
ie. g and y, and the force vector components Iy, for k=3, ..., 8, have no effect up to the second order in At.

4. Third order equivalent PDE of a CDE
This section is devoted to the derivation of the equivalent PDE up to the third order of the MRT LB scheme given by (4)

when the advection velocity of the governing equation (1) is constant and the source term is null. Applying Proposition 2
in this case leads to the following:

Corollary 1 (Second order with constant advection and no source term). With the setting (33.a), (33.b) and without forcing term, the
equivalent PDE up to the second order of the MRT D2Q9 LB scheme (4) is given by

%U (%.6) + 2 - (@, (1)) - Atx’efor AU (R, £) =0 (Ae?). (35)

The proof of Proposition 3 makes use of the following lemmas.

6
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Lemma 1. Assuming sy # 0, the non-conserved moments my fork =1, 2, ..., 8 satisfy
T = < d 3 & ST G ceq
my =m;! — ZMk,v V4 8tm’< Atoy Py —m!+ — o ;Mk,i"i VS
8 9 8
> Atoy (ML;M,CJEVIT.vm;quZM,.’gM,{,ng,nviT H( 54).\7,,) +O<At3) (36)
i=0,6=1 n=0
1\ (< 9
— el ST O req eq
mj =mj +At(1—§> (;Mk’lvi Vf, +8tmk Atok<at2mk +atZM’“ Vi )
8 9 8
_ Z Atoy (M;gmk,la szq—kZMlek,Mgnv H( ;q).vn) +O(At2), (37)
i=0,6=1 n=0

Proof. Equation (24), with 2 3:Mk computed from (22), gives

9 At? -7 92
m,’g—mk:Ata— +AtZMk,v V( ) —S—k—ZMk,v [ = At%o katzmzq
i=0
At2
ZM,“ £ - 9 +O(At3) (38)

Using the linear transform (6), the equality mg = m 7 and the equation (23) imply

ZMk,T/,T v ( ZM,HV £e9) -}-AtZ(]——) (ZMMM,” vl v (mS?)
8
+ DM MM ¥] - H(f) Vn> +0(a?), (39)
n=0
which leads to the result. O

Lemma 2. Given the Taylor expansions (10) with all F; equal to zero and the MRT D2Q9 LB scheme (4), we have

(’)<At3> ;tu(x t)+V (])4—%(@ Z i)

A (93 S ST wreeny o
+ ﬁU(x,t)+2v,..v(v,. H(f )~v,-) . (40)
i=0
Proof. Equating terms up to the third order in (10), and using (13), leads to
9 Ar? 92 A3 93 A S B,
M+ AT+ = St g g™ =M~ AfZMm VU + 5 L M)
AB S
—?ZM,(,,-T/,T-V(V{.H(fieq)-\?i)+0(At4). (41)
i=0

Since mo =m{ = U, the result follows from (16). O

Lemma 3. Given the MRT D2Q9 LB scheme (4) with the setting (33.a), (33.b) and without forcing term, we have

8 8
N 1 _ T = [ - 1= 9 -
V. (]*) =— Y ae (1 - ;) oy <§ Mi,Z]Mg’nVZ;'V<ViT H( ,fq).vi) +Miy;v{.H<§m;tI> .vi)

i=0,(=1 n=0
- 1 1
+AV - (@U) + AtA’ay, (1 - 5—) AU + At?23al2 <1 — s—) o1aj V(AU))+0 (At3) (42a)
1 1
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s—;tu Zal -HU)-a; — Atﬁa;zal&}ﬁ(A(U)HO(AtZ), (42b)
8 8 9
ZGZ-H(fi*).V,-=AtZ<1 ) ZM,[Mgnv v( H(,fq)-f/,-)+§M[2f/iT~H(qu)-§i
i=0 =1 i,n=0
+22a, AU + 226 -H(U) - &+ 0 (a?), (420)

8 8
R L R AR WA R URICVRY
0,¢= n=0
8 =
- ,.T-v(vf H(FE) - 75 ) +230a] -V (A (U) + O (AD). (42d)

Proof. Equation (42a) is obtained from (37) using (35), (32) and (29). Equation (42b) follows from (37). One derives (42c)
from (23) and (29). Finally, (42d) is obtained from (37) together with (29) and the equalities

8

SV (o B ) = ZMMM@”V V(R ). (43)

i=0 zn 0

o Do

ar 2oV HUE) V=g D0 MV H(m) v o (44)
i=0 i=0,0=1

Proposition 3 (Third order with constant advection and no source term). With the setting (33.a), (33.b) and without forcing term, the
equivalent PDE up to the third order of the MRT D2Q9 LB scheme (4) is given by
0 . - = -
o(ar)= SU (R0 42V (@;U (3.1)) - Atk’jo1 AU (R, £) - A2 e} (o—l

1)*T€Au
=)@ V@)

+ At?)3 (mog—]l_z)&j'?(&q_a; | J” ) V(A (U))

(2 2 1 r 2 2
o —oz-)—f- — g, - (0 el
Jy Jx q -V( >U

1

1)\ 3

+ At )»3<(T1O’4——>Otjl:I 12
2

Fyw i)
12 (a2 —a2) —1+aq ox2 By
T
: _1_ g2 2
28823 (o0 — ) [ 200y 1 af*) (2 u). (45)
12/ \ aj, 2aqx—l—a12y) 0xdy

Proof. Inserting (42) in (40) leads to

8 8 8
1 1o - _ IR -
o(ac)=aey <a1a - E) <§ SMITTH () i 30 M Mo (v H (Y- v,-))
=1 i=0 n=0
a - N 1 N N
+ 5U + V- (a;U) — AtAlagor AU — AR 3a)2 (alz - E) oc]T V(A U)). (46)

One can check from (11) that

—1=T 0? 0? 2 0%
M T H@) -V = ZMM Vivars +2VixViy g s T Viygry |

Moo &Mw

i=0
Msi+422Mg; 1 92 92 Msi+422Mg; 1 92
= O Ma ) — +2Ms; . L My ) —=— ) # 47
<< 6 + 2 4,i 32y + 5"8x8y + 6 2 4.i 82y (#) (47)
1 92 92 2 92 92 1 92 92
=5 = #) 4+ =228t #) + =8 = 26¢ # 48
63<82x+82>()+ 0(32 +3y>()+24 2x 92y )+ 5a () (48)
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where 8 denotes the Kronecker symbol. Consequently, only the indices £ = 3,4, 5 have to be considered in (46).

For ¢ = 3, equation (11) applied to the x and y-components of (M zg ) v, gives

stai 3Vi H(m 2")-Vf+iM;§M3,nVZ'%(W H(f) Vi) =X3&f-‘<&q -1 ’” ) V(A U)). (49)
i=0 n=0
In the same way, with the x and y-components of v, (v%yx - v%yy) /2, for ¢ =4, one gets
LA
> Migvl H(m v,+ZM Many -9 (3] -H () - W)
i=0 ;

1(012 —052»)+1—Ot /92 92
a1 22,
%(az-y ozjz.x)—1+ozqy oxs  dy

Finally, with x and y-components of 2vp xVy, ,Vy, for £ =15, one gets

T
8 8 2
9 . - /. . oj <2a —1—af ) L [ 92
S EMT HmE) i+ Y M IMs o]V (VTR (A ) =23 AT M (—=—u).
ot i > i 2 9xdy
i=0 n=0 (zaqx_l_a]>
(50)
Inserting these three expressions in (46) gives the result. O
In consequence, we have the following
Corollary 2. With the setting (33.2), (33.b), without forcing term, and by setting
1
0'120'220’320’4:05:—, (51)
V12
the equivalent PDE up to the third order of the MRT D2Q9 LB scheme (4) is given by
d S At Q] -
O(At3)=—U %) LAV (@U (R ¢ EAU (%, t). (52)
U (0429 @)U (-.0) - 2=2AU ()

This means precisely that, with the conditions (33.a) and (33.b) fulfilled, the condition (51) allows increasing the accuracy
of the MRT LB scheme (4) regarding the governing equation (1) and under stability conditions (see Section 4.1). The constant
Atr’a

T

advection velocity w is given by Ac; and the diffusion coefficient D is given by

Remark 3. Contrary to a SRT LB scheme, the relaxation times sg,s7 and sg of the MRT LB schemes used in Corollary 2
remain free. As discussed below (see also Fig. 3), they are tuned to improve numerical stability.

4.1. Von Neumann analysis: the scheme stability region

As Lallemand and Luo [15] or Servan-Camas and Tsai [21], the stability of the MRT D2Q9 LB scheme of Corollary 2 is
studied from the classical Von Neumann analysis in the Fourier space. Let

) =FOGF ) +6f (%.1), (53)

where 87 is a small fluctuation and }‘0 the uniform equilibrium state specified by the unique conserved moment U. In
Fourier space, inserting (53) in the discretized Boltzmann’s equation (4) without forcing term leads to

SF(R t + Af) = diag (elAf’?T'Vf) M~'CM sf (%.t) =G 5f (%.t). (54)

where k is a wave vector, C the matrix of the collision operator in the moment space, and G the so-called amplification
matrix:
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+At=1 mAr=5-10"!
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0.5 - ¢Ar=5-10"2 oAr=25-102 [

04| -

Courant number
=
W

o
o

0.1

0 10 20 30 40 50 60 70 80 90 100
Péclet number

Fig. 2. Numerical stability region as a function of the Courant and Péclet number. Each plot represents the upper bound to have a scheme stable for

A=1, 06 =%, ss=s7=s3=1.1, and different given values of At. The wave vector k is discretized as kqp = [k (cos (71 %) ,sin (71 %)) with

a,b=0, 1, ..., 30.
G = diag (e'A”‘T'Vf) M-cM. (55)
Let us write the advection velocity w = H \X/|| (cos®,sin®). Let Cr and Pe be the Courant and Péclet number defined by

_ 1wl
A

Il
D

Cr , Pe , (56)
where Xc is the characteristic length. From (8), by setting xc = 1, &g, = &g, = &y =0, sg = 57 = s3, and using the set-

ting (33.a), (33.b), and (51), the matrix C of (54) writes

1 0 0 0 0 0 0 0 0
A(37\/§>Crcos¢9 V3i-2 0 0 0 0 0 0 0
A<3—ﬁ Crsing 0 V3-2 0 0 0 0 0 0
2 V12 C
2(3-v3) (6o (W% +§)-4) o 0 V3-2 o0 0 0o o0 0
Cc= A2 (3—J§)Cr2cos(29) 0 0 0 3-2 o0 0 0 o |
A2 (3 - ﬁ) L sin (20) 0 0 0 0 V3-2 0 0 0
356 (=5Crcosb) 0 0 0 0 0 1—s6 0 0
2356 (—5Crsin6) 0 0 0 0 0 0 1-s5 O
wse(4-210r (% + §)) 0 0 0 0 0 0 0 1-s6

(57)

and depends on A, Cr, 6, Pe, At and sg.
Using (54), the stability of the scheme is equivalent to an eigenvalue problem. These eigenvalues, denoted z; for i =
0,1,...,8, are solutions of the dispersion equation

det (G — zId) = 0. (58)
The scheme is stable as long as |z;| <1 for i=0,1,...,8 and for all wave vector k. Therefore, the stability of the scheme
depends on Cr, 0, Pe, A, At and sg. Fig. 2, resp. Fig. 3 shows the stability region for different given values of At, resp. of
sg, and for Cr varying in [0; 1] and Pe varying in ]0; 100].

10
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0.6 T I T

LAY =0.7 X Sg =0.8
Os6 =0.85+s56 =09
05+ 0S6=1 *S(,:l.l .
os6=12 osg=14

Courant number

Péclet number

Fig. 3. Numerical stability region as a function of the Courant and Péclet number. Each plot represents the upper bound to have a scheme stable for
r=1, 6=2%, At=1, and different given values of sg = s7 = sg. The wave vector k is discretized as ’-éu,b = |75 (cos (71 %) ,sin (71 i)) with a,b =

3 30
0,1, ..., 30.
4.2. Numerical validation
In the sequel, we validate numerically the accuracy of the MRT D2Q9 LB scheme of Corollary 2 for Pe and Cr within the

stability region provided in Fig. 2 and 3. Let us consider the governing equation (1) with constant advection w and without
source term on the domain €2 = [0; 1]? with periodic boundary conditions and initial condition given by

- o x='+0-3’° -
U(x,0) =+2mexp|— o2 ., VxeQ, (59)
where @ is equal to 3 - 1072, The analytical solution of this problem writes
2 1 2 1 2
N w2 X—5—Wxt) +(y—5 —wyt N
U™ (x,t) = =———— exp —( 2 )+ (-3 v , V(% t)eQxRT, (60)
2Dt + w2 4Dt + 2w 2

N N 2.,
This solution was simulated using the MRT D2Q9 LB scheme of Corollary 2 where w = Aaj and D = %. The param-
eters of the MRT LB scheme were set to

AX
A=1, At=—, og, =g, =ty =0, and s =s7 =53 =

- (61)

1

5

The advection velocity was chosen equal to w =2.5-1073 x (cos(%),sin(Z)) and the diffusion coefficient equal to D =
6.25- 104, This choice of W and D is equivalent to Cr =2.5-10~3 and Pe = 4. The convergence was investigated by letting
At varies as follows:

1
At=——,0=5,6,...,23. (62)
2-20

When At varies, the diffusion coefficient of the equivalent PDE is kept constant by setting o equal to DA}/E' The relative
error

> (U @) - U™ ®)°

xXeLl

/; U™ ()2 ’

Err (U™ —U™) = (63)

11
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Fig. 4. Convergence curve of the simulated solution using the third order MRT LB scheme. The lower bound of At is given by (64). See text for details.

between the simulated solution U'® and the analytical solution U™ was computed for each space step after % temporal
iterations where ty =5 - 102 is the final time. According to Lallemand and Luo [15] and to Boghosian et al. [3], the
condition «} €]0; 1[ has to be satisfied to avoid instability. This condition gives the domain of validity of the expansion (52)

of Corollary 2 because

D12

A2

ap <1 At > (64)
In this simulation, D = 6.25 - 10~% and A = 1. Therefore, the lower bound of At is equal to 2.165 - 10~3. Finally, the so-
obtained convergence curve of the MRT D2Q9 LB scheme is a straight line with slope p ~ 3 (see Fig. 4).

5. MRT LB schemes of CDE for marine radar image processing

The main topic of this section is to exploit the MRT LB schemes previously described to perform radar image processing.
This is in fact what motivated us for studying such schemes.

5.1. Context and methodology

The images to be processed are RDM that allow to visualize radar signals in the frequency domain. These images are
highly corrupted by an interference noise, have low contrast, and the objects to be detected have no apparent contours.
Figs. 5a and 7a show a RDM image obtained from two different acquisitions provided by the CSIR small boat trails sea
clutter database. The processing aims to figure out two kinds of information. The first one is relative to the sea clutter and
the second one to the potential presence of objects of interest, e.g. targets.

To better detect these objects of interest, a first processing is performed to remove as much as possible sea clutter. This
has been the subject of a previous contribution [18]. Let us just mention here that the proposed algorithm makes use of a
Chan-Vese k-phase diffuse interface motion PDE. Figs. 5b and 7b show the result obtained after applying this processing on
the original RDM image.

It appears that this resulting image still contains noise due to the sea clutter and that the object of interest is still difficult
to identify (see Figs. 5b and 7b). To improve the processing, the resulting image is considered as the initial condition U (x, 0)
of a CDE. The diffusion aims to remove the remaining noise, and the advection to enhance the signal of interest. The
advection velocity w (X) is the gradient VU (%, 0) of the resulting image (obtained numerically from Figs. 5b and 7b), and
the reaction-diffusion is given by the Allen-Cahn equation [1]. Therefore, the governing equation to be simulated writes

n

a . N - " SN
V@O (FRUEY) e AU R =—

W), (65)
where p is a regularization coefficient, ¢ is the width of the diffuse interface, and W is the double-well potential defined
by W (x) = x% (1 — x)? /2. The constant cy is given by

1
1
cW:/W(x)dx: 50" (66)
0

12
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Fig. 5. Marine radar RDM image processing. (a): Original RDM image - (b): RDM image after sea clutter removal using [18]. Note that the scale is the same
for all images.

Due to the frequency nature of the x-coordinate, periodic boundary conditions are imposed on the left and right bound-
aries, whereas homogeneous Neumann conditions are imposed on the upper and lower boundaries.

5.2. Experiments

The governing equation (65) is simulated using the MRT D2Q9 LB scheme (4) with the setting (33.2), (33.b) and (51).
In the equivalent PDE (34) of the used LB scheme, the advection velocity w (x) is equal to Ad; (X), the diffusion coefficient
gu/cw to Atkzag/«/lz and the force term FFy (?c t) to —W/(U)u/ (ecw). For a given threshold tol, the stopping criterion

of the algorithm is

UGt 80— U EO)
_ < tol. (67)
“U (X, t+ At) ||L2

The remaining set of parameters for the simulation is given by A =10, Ax=1, At = Ax/A, tol =104, Og, =0Og, =0y =
0, and sg = s7 = sg = 1. Nondimensionalizing this scheme leads to consider the following parameters:

o (1x Cofa 1y ®)
aj(x) < aj(x)- 1ye o =A% x2+y2 + ;

1 1

2 2 (3 2 (3 ’

and ap, = A ((O‘jx (X) — o3, (x)) + g (x_z - —2>) ; (68)
C yC

where x. and y. denote the characteristic units of the x and y variables, respectively. For the data in Figs. 5a and 7a, the

value of x. is equal to 3.125 Hz and y. to 15 m. Therefore, nondimensionalizing this scheme leads to consider an anisotropic

diffusion.

Remark 4. The chosen relaxation times are those that ensure the third order accuracy when the advection velocity is
constant and without source term (see Proposition 3). This choice is motivated by the following observation: as shown
in Fig. 8, the extra term A; (?c, t) due to non-constant advection velocity becomes negligible during the iterations when
compared to the advection and diffusion terms.

The result of the entire processing is shown in Fig. 6 for different values of ¢ and u. With the same value of A, it helps
understand the behavior of the solution only as a function of & and . For st =102 and € =5 - 1072, all the remaining
noise has been removed and the object of interest, i.e. the target and the waves from its wake, are now clearly isolated (see
Figs. 6a and 7c).

5.3. SRT versus MRT stability

As mentioned in the introduction, applications of LB methods to image processing require to deal with MRT LB schemes,
instead of SRT LB schemes. This is particularly the case when the images to be processed are highly corrupted by noise and

13
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Fig. 6. RDM image obtained from 5b with the MRT D2Q9 LB scheme for CDE using (33.a), (33.b), and (51). Each row corresponds to a given value of &
while each column corresponds to a given value of ;. Note that the scale is the same for all images.
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Fig. 7. Marine radar RDM image processing. (a): Original RDM image - (b): RDM image after sea clutter removal using [18] - (c): RDM image obtained
from 7b with the MRT D2Q9 LB scheme for CDE defined by the setting (33.a), (33.b), and (51) and where 1 is equal to 1072 and & to 5-10~2. Note that
the scale is the same for all images.
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Fig. 8. The extra term A (?( t) of Proposition 2 due to non-constant advection velocity is negligible when compared to the advection and diffusion terms.
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Fig. 9. Relative error in (67) for different time steps At. (a) MRT LB scheme and (b) SRT LB scheme. The blue, orange and green line are obtained with
At equal to 0.5,0.2 and 0.1 respectively. Note that the scale is the same to ease the convergence comparison between the MRT and SRT LB schemes. (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

with non-apparent contours. As in [19,20], an illustration of the lack of stability when using a SRT LB sheme is given in this
subsection, whereas the use of a well-chosen MRT LB scheme ensures stability.

The governing equation is given by (1) with a non-constant advection velocity w = VU (%,0) computed from Fig. 7b, a
diffusion coefficient D equal to 61072, and § ()? t) =0, i.e. without source term. The initial and boundary conditions are
the same as in Subsection 5.2. The parameters of the MRT LB scheme are set to

-2
N - T T
rj=w(X), F=0, ag =0 + S = Ao Opy = Qf, — O, Op,, = 0}, 0j,,
1
Ax=1,01=02=03=04=05=——, Sg=S7=Sg=1, 0g, =g, =0ty =0. (69)

V12

The unique relaxation time of the SRT LB scheme is fixed to s=1/2+3D/ (AtAZ) and its equilibrium distribution ffq is
defined, for a CDE, by

eq (3 o &JT‘_;’
f9(R.t) =6U (X, t) == (70)
S

where the lattice weights t; and the sound speed cs of a D2Q9 lattice are defined by
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& ifi=0 8 5
ti= % lfl:1327374 s C?:Ztivﬁx:?. (71)
L ifi=506.7.8 =0

Fig. 9 shows the relative error (67) for the MRT and SRT LB schemes. The relative error is plotted up to different value of
At after tg/At temporal iterations, where tf = 107 is the final time. Increasing At from 0.1 to 0.5 makes the SRT LB scheme
unstable whereas the free parameters of the MRT LB scheme (Sg, S7, Sg, (g, Agy» and oy ) allow to ensure stability [15].

6. Conclusion

We have shown in this paper how to derive equivalent PDE up to the second order from MRT D2Q9 LB schemes that
aim to simulate CDEs possibly with non-constant advection velocity and non-zero source term. When the advection velocity
is constant and without source term, von Neumann analysis was performed on the MRT D2Q9 LB scheme to determine
the stability region with respect to the Péclet and Courant numbers. Moreover, well-chosen LB parameters give a numerical
convergence rate of three.

Application to marine radar image processing has been presented involving a CDE with non-constant advection velocity
and non-linear reaction term. These application shows that such MRT LB schemes are relevant in this context, whereas SRT
LB schemes fail to be stable.

Future works will be devoted to obtaining MRT LB schemes exact at the second order in the general case of non-constant
advection velocity and non-zero source term.
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