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Abstract We investigate in this article the boundary layers appearing in a fluid under
moderate rotation when the viscosity is small. The fluid is modeled by the time-
dependent rotating Stokes equations also known as the Stokes—Coriolis equations.
The equations are considered in an infinite channel with periodicity on the lateral
boundary and Dirichlet boundary conditions on the top and bottom of the channel.
First, we analytically derive the correctors which describe the sharp variations at large
Reynolds number (i.e. small viscosity). Second, thanks to a modified finite volume
method (MFVM) we give the numerical solutions of the Stokes—Coriolis system at
small viscosity (1073-10719), We follow the common idea which consists of adding
the corrector functions to the Galerkin basis or its analogous for the classical Finite
Volume Method, see Gie et al. (Discrete Contin Dyn Syst 36(5):2521-2583, 2016),
Gie and Temam (Int J Numer Anal Model 12(3):536-566, 2015), Shih and Bruce
(SIAM J Math Anal 18(5):1467-1511, 1987). The MFVM introduced here can be
applied to a large class of singular perturbation problems.
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1 Introduction

We are interested in this article in the study of boundary layers of a time-dependent
rotating fluid when the viscosity is small and the boundary is characteristic; this occurs
for example when the boundary is solid and at rest. The boundary conditions are then
homogeneous of Dirichlet type. More precisely, we consider a 3D flow which verifies
the following system:

ou’

—eAuf +oxut+Vpt=f, in Qy x(0,7T),

di\f u® =0, inQ x (0,7),

u® =0, onodQ (L.1)
u® is 2mr-periodic in the x and y directions,

uj,_o = uo.

Here @ = aes where e3 is the unit vector in the canonical basis of R?, Qs = R? x
(0, h) is the relevant domain, 92 = R2 x {0, h} its boundary. The functions g and
f are given and supposed to be as regular as necessary. Without loss of generality,
the constant /& will be taken from now equal to 1. For more details about the theory of
rotating fluids, see [4] and [14] and the references therein.

The solutions (u®, p®) of the system (1.1) are such that u®(t;x,y,z) =
(i, us, uf) € R3 and p® € R, the coefficient ¢ is a positive constant represent-
ing the inverse of the Reynolds number or the viscosity of the fluid. Throughout this
paper the coefficient ¢ > 0 is intended to be small ¢ <« 1. Because of the periodic-
ity conditions (1.1)4 we will consider a portion of the channel 2, that we denote by
Q = (0,27) x(0,27) x (0, 1) and its boundary I' = 92 = (0, 27) x (0, 27) x {0, 1}
on which all our calculations will be done.

By standard energy estimates, it is easy to see that u®, the solution of (1.1), is
bounded in L (0, T'; L2(2)). Hence, it is now natural to look for the limit as ¢ — 0.
Formally, the limit solution corresponding to the system (1.1), that we denote here by

u®, is simply obtained by setting ¢ = 0 in (1.1). Hence, we have

auo 0 0 .
W—I—wxu +Vp'=f, nQx(0,T7),
diva® =0, in Qx (0, 7),

ud =0, ondQ, (1.2)

uis 27 -periodic in the x and y directions,
0 _
u‘tzo =Uug.

The absence in the limit system of the Laplacian term (—gAu®) which is a reg-
ularizing term, generates a loss of regularity for the limit solution #°. Thus some
discrepancies between the viscous and inviscid solutions appear near the boundary
of the domain, that is here z = 0, 1 as it is mentioned in (1.1)3 and (1.2)3. These
thin regions are called boundary layers and where the convergence of u® to u is not
expected at least in some Sobolev spaces as we will see later on. Hence, we introduce
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some correcting term called correctors for which the equations must be of course
simpler than the ones in the original problem, namely (1.1). See e.g. [7,17,18,21] for
more details about the theory of correctors.

The rest of the article is organized as follows. In Sect. 2, we derive the analytical
expression of the correctors in addition to several estimates useful for the asymptotic
analysis later on. Then, in Sect. 3, we prove the main theoretical result of this article
which rigourously confirms the choice of the correctors. From the numerical point of
view, we recall in Sect. 4 the CFVM discretization of the solution of (1.1) which is
inherited from [11]. Afterwards, we introduce the MFVM in Sect. 5 and we numerically
prove its accuracy in Sect. 6. Finally, in Sect. 7, we end the article with the conclusion
and some future research directions.

2 The corrector equations

To study the asymptotic behavior of u®, when ¢ — 0, we propose the following
asymptotic expansion of u®:

u® ~u + ¢°,

where @ is the corrector function that will be introduced to correct the difference
u® —u at z = 0, 1. The equations verified by ¢ are as follows:

d0¢ 82 e
;”t p a; Foxef=0, inQx(0,7),
dive® =0, inQ x (0,7),
0 .
Pl=0.1 = ~Hjz=0.1" @D
¢° is 2m-periodic in the x and y directions,
@)= = 0.

We now introduce an approximate function ¢° of ¢° defined as the sum of 60’5
and @ 1¢ the correctors that we propose to solve the boundary layers at the boundaries
z = 0and z = 1, respectively,

, 1—z
ot x, v, 2) =% (txy =)+ 3" (1. x. ., :
¢ (tx,y,2)=9 y\/g 0 y NG

Omitting for instance the incompressibility condition (2.1)> and considering the
boundary conditions (2.1)3 separately at z = 0 and z = 1, then the system verified by

9% is given by:

840,8 8240,8 -
‘gt a(; Foxg™ =0, in0x©,7T),

P E=0=-u'G=0), 02
2% > 0asz — oo, :
@¢ is 27 -periodic in the x and y directions,

—0,6 __ 0

Pli=0 =Y

@ Springer



B. Chaabane et al.

where 7 = i, and we denoted by Q the stretched domain, i.e. Q@ = 0,2m) x
&

0, 2) x (0, +00).
Similarly @' satisfies the following system:

aal,s 8261,8

va _ . =
“or pre +wx@ "t =0, inQ2x(0,7),
¢rE=0=-u"@T=0),
@' — 0 as7 — oo,
@'¢ is 2m-periodic in the x and y directions,
~l.e _
?ii—0 =0,

(2.3)
4

~ 1=
where 7 = e
e
In the following we will derive the expressions of the solutions of the systems (2.2)
and (2.3). For that purpose, we need the following proposition where we used the
techniques borrowed from [22] to prove the result stated below.

Proposition 2.1 Let u = u(t; x, y, z) be the solution of the following problem:

Ju 82u+ 0, inQx(0,T)

— ——4oxu=0, inQx(0,T1),

ot 972

u=g, atz=0, 2.4
u— 0, asz— +00,

u=0, atr=0.

where g = (g1, g2, 0) is a continuous function in Q x 0, T) and w = aes.
Then, the explicit expression of u is given by:

'K . ia(t—t)
u(t;x,y,z) = — E(I —1,2)[(g —i(e3 x g))(1,x,y,0)e
0
+(g +ilez x &)(t,x,y,0e* " dr,

where i is the complex number s.t. i> = —1, and K is the fundamental solution of the
heat equation:

e,

K(t,2) =

1
Vamt
Proof Let u = (uy, us, u3) be the solution of (2.4). We have g3 = 0, hence u =
(u1, u2,0),i.e. u3 = 0. Taking the cross product of (2.4); with e3, we find:

3 (e3 x u) — 82(e3 x u) —au = 0.
We then set C* = u Fi(e3 x u), we obtain:

3C* —32C* LiaC* =0.
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Denoting by H* = C*e™®’, one arrives to the following system:

dH* 9*H® .
—— — ——— =0, mnQx(0,7),
at 972 .
H*(z=0) = (g(z=0) Fi(e3 x g(z = 0))eF, (2.5
H™ — 0, as z —> +00,
H*|,—=0.

Hence H* satisfies a heat equation with non-homogeneous boundary conditions, then
it has the following expression [3]:

"9K :
H* = —2/ 3. (oAl Files x g))(w:x,y, 0)]e* " dz.
0

Then, we infer that:

9K .
Cc*=-2 / 5 (=T Olg Files x )T x, y,0)]e ™ dx.
0o 0z
Coming back to u we have:
L _
u=_(C"+C7),
2
hence we deduce the explicit expression of the solution of (2.4):
9K .
w=— [ S x (g —ifea x )T x, . 01
0o 0z

+1(g +iles x @)(t,x,y,01e* " }dr.

Now, according to Proposition 2.1, the solution of (2.2) §*¢ = @(1)’8, 62’8, 5(3)’8) has

the following expression:

4 1 Z —722
—Q,S _ 4e(t—1) 2 0 0 — 1
9" = /0 TG 2/ = r)e x { u; (t,x,y,0)cos(x(r )
+2(e3 x uo)j(r,x, v, 0)sin(a(r —1))}dz, j =1, 2, (2.6)

for the two tangential components of 60’8, and the normal component of 60’5 is simply
deduced using the incompressibility condition:

t _22
6(3)’8 = —/ Le‘w*f) X {—ZBZug(t, x,y,0)cos(a(t — 1))
0 A4m(t —1)

—2(8,ud — dyul)(z, x, v, 0) sin(a(tr — 1))}dt
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t _
+/ Vet {=20,u(z, x, y, 0) cos(a(z — 1))
0 4r(t —1) ‘

—2@,u3 — 3yul)(z, x, y, 0) sin(e(t — 1))}dx. Q2.7

Then we write the system satisfied by "¢ which reads as follows:

340.8 3240,8 840,5 3240&‘
‘gz —¢ 3‘22 +oxg” =00, ‘gi p ;Z); L inQx (0,7),

divg®® =0, in Q2 x (0, 7),

7%z =0) = (~ul(z = 0), —ud(z = 0). 93" (z = 0)).
P e=D=@ =D.9"@=1),0),

60’8 is 2w -periodic in the x and y directions,

@%@t =0) =0.

(2.8)
Now, we have to calculate the right-hand side (denoted hereafter RHS) of (2.8);. First,
by differentiating (2.7) with respect to the time variable 7, we obtain:

840,8 t 712
L :/ Ve e x (—20,u(z. x. y,0) cos(e(T — 1)
ot 0 47t —1)2

—2(0,u3 — 3,ul)(z, x, y, 0) sin(a(tr — 1))}dt
! Z2 —2
_/ e x {(—20.u3(z, x, y, 0) cos(a(r — 1))
0 8em(t —1)2
—2(3,u3 — dyu)(z, x, y, 0) sin(a(r — 1))}dt
t 2
_/ Lemﬁr) X {—Z(xazug(r, x,y,0)sin(a(r — 1))
4 (t — 1)
+2a(dyuy — dyud)(z, x, y, 0) cos(a(t — 1))}dt
t —
_/ #eizmtln X {—23Zu(3)(r,x, v, 0)cos(a(t — 1))
0 4Tt —1)?
—20,u3 — 3,ul)(z, x, y, 0) sin(a(tr — 1)}dt
t
1 _
+/ —5645(,i,> x {=20,u3(z, x, v, 0) cos(a(t — 1))
0 8eym(t—1)2
—2(0,ud — d,u¥)(z, x, y, 0) sin(a(r — 1))}dT
t Ve P 0 .
+/ ————e%0 0 x {2aduz(t, x,y,0)sin(a(r — 1))
0 4r(t —1)
+2a(dyuy — dyud)(z, x, y, 0) cos(a(t — 1))}dr. (2.9)

@ Springer



MFVM for rotating channel flows. . .

Then by differentiating 62’8 with respect to the normal variable z, we obtain:

_2
— Y T x {28.u3(z, x, y, 0) cos(a(t — 1))
47t —1)2
+2(8,uy — 3,u’) (T, x, y, 0) sin(a(r — 1))}dt

=0,
882(/7382_/[ \/g
0

972

t 2 2
—/ e x {—20.u(r. x, ., 0) cos(a(r — 1))
0 8/me(t —1)2
—20,u3 — 8,ul)(z, x, y, 0) sin(a(t — 1))}d. (2.10)

Therefore we deduce from (2.9) and (2.10):

dt 972

8—0,8 82—0,5 t _2
%5 € L = f/ %e‘w*ﬂ X {720[3214(3)(‘[,)6,)7,0) sin(a(t — 1))

+2a(dcud — dyul)(z, x, y, 0) cos(a(r — 1)}dt
t _
—/ LW«Q x (=29.ul(z, x, y, 0) cos(a(t — 1))
0 4Tt —1)2
—2(8,u3 — dyud)(z, x, y,0) sin(@(r —1)}dt
13
1 _
+ / 75645“1” X {—231148(‘[, x,y,0)cos(a(t — 1))
0 8 /e /Tt —1)2
—2(8,u3 — dyud)(z, x, y,0)sin(@(r —1)}dt
t —
+ / Lewlw x {=2ad,u3(t, x, y, 0) sin(a(tr — 1))
0 Va4r(t —1)
+2a(dyuy — dyul)(z, x, v, 0) cos(a(r — 1)}dr. .11

We denote by Jj + - - - + J4 the sum of the terms in the RHS of (2.11).
Then, estimating |J;|, we get:

t ] 712
FARS kﬁ/ e dt
0 r—t
Vi [ —drew
< ke dte®T 2.12
=< /(; N (2.12)

and we obtain the L2-norm of the term J;:

2

1
11172y < ke / ¥ T dz
0
1 =<z
fks/ eveTdz,c >0
0
3/2

< ke
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Hence, we obtain
I1ll22@) < ket (2.13)

Finally, combining (2.13) and the fact that J», J> and Jy4 are e.s.t. (Where e.s.z. stands
for quantities which are exponentially small terms in all H™((0, T) x ), m > 0),
we conclude that:

—0,¢e —0,¢e
a9
93 _ 0% < ke¥*, (2.14)
ot 972
L2(Q)

Remark 1 By symmetry the corrector @¢ has the same expression as @%¢ with z
replaced by 1 — z. Hence, all the estimates satisfied by ¢ remain valid for g€

3 Convergence result

In this section we prove the main theoretical result of this article.

Theorem 3.1 The solution u® of (1.1), with uy and f supposed to be sufficiently
smooth, satisfies the following estimates:

”us _ uO _EO,S _ 61’8”[‘00(()’]“,1‘2({2)) < k83/4, (3])
I’ —u® =% = 8" 20,11y = ke, (3:2)
where k is a positive constant depending on the data but not & and u®, @%¢, and

@1¢ are defined respectively by (1.2), (2.8) and as in Remark 1. Here we denoted by
LX(Q) = (L*())* and H'(Q) = (H'(Q))*.

Proof First we observe that the corrector @° does not satisfy the desired boundary
conditions as given by (2.1)3, this is due to the choice of a corrector in a 31mp1er form
To overcome this difficulty we introduce additional (small) correctors 6" and 8° as
follows: .

—eA@ + VII* =0, in Qx(0,7),

divg® =0,

010 = (0.0, =95 L:0). (3.3)
0 |z 1=(= ‘/’1 |z 1 §02 |z:lv0)

0" is 27- -periodic in the x and y directions,

and
—SAG +VQf=0,in x(0,7),
dive® =0,
0 lz=1 = (0, 0 §03 |z 1)7 34

0 lz=0 = (— 901 |z =0> (»02 |z 0, 0),
0° is 27- -periodic in the x and y directions.
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RemarﬁFZ The boundary values of 6° and 6° satisfy the compatibility condition

=010 -mdl' =0and fz=0,1 6° - n dT = 0, thanks to the 2m-periodicity in x
and y of ”(1) and ug.

— ~e
To estimate the L2- norm of the additional correctors, we set 0 = Jeo [ TIE =

3 = = . .
€3/2T1¢, hence 0 satisfies the following system:

“A8 4+ VIF =0, inQx(0,T)
~g
dive =0,
=~ ag),s
0 |z:0 =10,0, _f|z=0> s (3_5)
~e —0,¢
0

—0,¢
? ?
l.=1 = —flzzl, —ﬁlzzl,o) ,

0 is 27 -periodic in the x and y directions.

Then we deduce from the direct estimates of the Stokes problem (see [1]) that:

—0,¢ —0,e —0,¢
=& (29 (72 ©y
18 1l 20 < k | —=1:=0 Y - k| Pl
\/g H—]/Z(r‘) \/E H—I/Q(F) \/E H—I/Z(r*)
—0,¢
93
<k|—— + e.s.t.
Vel e
—0,¢

Now we will estimate the L2- norm of &’ hence we have:

JE
9037 /l‘ 1 _2
2 | < k edet=1) d-[
| T Jo At—T1

t 1 _2
<k dre®T .
- ,/(; JE—T

Therefore, we have

Hence, we infer that
~¢ 1/4
10 11120y < ke'/*.
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Finally, we get .
1011 20 < ke¥/*. (3.6)

In the following we will estimate the L?() norm of the gradient of f, hence we
find:

—0,¢ —0,¢ —0,¢
=& (2% (2% (2%
VO 2 =k | —=l=0 +k || —=l:=1 +k || —=|=1
\/g H]/Z(F) ﬁ H]/Z(r‘) \/g H1/2(F)
—0,¢
?3
<k|—— +e.s.t
ﬁ HY(Q)
< ke V4,
Thus we deduce that: .
IV6 2 < ke'/*. 3.7
‘We notice that the estimate (3.6) also holds for the time derivative of gg, i.e.,
36°
— < ke3/4, (3.8)
L2(Q)

Remark 3 Note that by symmetry all the estimates satisfied by 6° remain valid for 6°.

We now define w® = u® — u® — 9% — g1t — 0" —9°, and according to (1.1),
(1.2), (2.8), (3.3) and (3.4), w® verifies:

Jwe 32—0,6 32“‘1,5
—eAW o x w +V(pt—pl—TIF — Q%) =¢ (p2 +¢& (p2
ot 2-0,e 2~1.¢ gsax '58 dx
79 079" 0 —e ~¢ 0 a
+e———+e——FcAu’ —wx0 —wx0 — —— —
dy? . dy? . 1 1 ot ot
aag,& 32@;’8 8(*;3,8 82(;3,8
0,0, —— — 2 0,0, - , in Q x (0,7),
+ < o fTaz )T ar oz in £ 0,7)
divw® =0, in Q x (0,7),
wé® =0,at z=0,]1,
w* is 2;r-periodic in the x and y directions,
wE|[:0 =0.

(3.9)
We multiply (3.9); by w?, integrate over €2, and apply the Cauchy—Shwarz inequality,
we obtain:

ld”w€”2 5 8260,6 aZal,s 8260,6
- +e|Vwe|® <e wh|| + ¢ wé|| + ¢ w®
i b AL R Ee [ RS B e FPTROY e YO
32¢%e 0 =& ~e
+e 5y2 lw® |l + el Au”[w (| + 116 (1w + 1167 1| w®||
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e nE 3@2’5 azag).s
- & - e 3 _ &
1%, lw® |l + o7 lw® |l + i lwll

aa;,é‘ - 82631,8

&€
& w|.
ot a2, |

Hence according to (2.14), (3.6) and (3.8), we have:

1d|lw?
2 dt

1
+ e[ Vw®|? < §||w8 I + ke3/2.
Using the Gronwall inequality, we obtain

1wl oo 0.7 £2(2y) < k&34 and IVwill 20.7: 12002y < kel/*.

Hence, according to (3.6), (3.7) and the triangular inequality, we deduce (3.1) and
(3.2). This concludes the proof of Theorem 3.1.

4 A collocated finite volume scheme with a splitting method for the time
discretization

We follow here the notations of [11] that we recall in this section for the reader
convenience. In the following, we uniformly discretize the domain €2 by using cube
finite volumes of dimensions AxAyAz:

Kijk =Dt <Dy 1y 1 Iz 1z 1,

where:

The edges of the control volumes are defined by:

Civi2,0 = {(x, ¥, 2); x = xi4172, y € [Vj—172, Yj+172]: 7 € [2k—172, 24121}
Cijr1246 = {(x, ¥, 2); x € [xi—172, Xit121, Yy = Yj+172, 2 € [2h—172, 2h+1/2])s
Uiz ={(x, v, 2); x € [xi—1/2, Xi+1/2), ¥y € [Vj—1/2, ¥j+1/2], 2 = zkt1/2]},

Vi=0,....M,YVj=0,...,NVk=0,...,L.
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The velocity and the pressure are approximated in the center of the cells as follows:

® 1 Yied (il

U; ik >~ —

" AxAyAz Je )y
1= J—

1 Yird /'yj+% /ZH%
ijk(t) =~ ——— X, V,2, )dxdydz,
Pk = o f S sty

where u = (u, v, w) and p are the solutions of the system (1.1). We consider this
notation instead of u® = (uf, uj, u5) and p®, introduced in Sect. 1, since we aim here
to simplify our presentation when we discretize the system (1.1).

We also define the velocity fluxes:

1 (Y0 (%t
F, ~ 2 Zulx., 1,7y, 2z, )dydz,
“irdik T AyAz ,/;, . /;k . ( i+h Y )dy
i=3 -2

e u(x
, ¥, 2z, Hdxdydz,
z

[
[S]

1 Yipl el
F, ~ 2 Zu(x,y., 1,z t)dxdz,
Birhe T AxAz [, 5220
-

1 il Vil
F, ~ 2 . t)dxdy.
Yijktd T AxAy /A /y W(x,y,szr%, Ydxdy

4.1 Time discretization

For the time discretization of the system (1.1), let At be the time step such that
At = T /N;, where N; is an integer and 7 > 0 is the final time (¢ € [0, T]). Then, we
define u* as the approximate solution of u at the time #; = kAf fork =0, ..., N;.
Therefore, we define the time discretization of (1.1); as follows:

3t — 4y 4y
2At

—eAu"™ T 20 xu" —wxu" " +2vpt —vptTl =
4.1)
Thanks to (4.1) we are able to compute the new velocity u"*!.
Hence, to obtain the pressure, we take the divergence of (1.1); and use the incom-
pressibility condition (1.1), we find:

Ap =div(f + eAu — w x u). 4.2)
Thus we discretize (4.2) as follows:

Ap”+l = div(f”+1 + oA — 20 x u" + @ x u" ). 4.3)
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By replacing A by —V x Vx (see [11] and [15]), we rewrite (4.3) as below:
Ap"'H =div(f™ — eV x Vx " =20 x " + o x u" ). (4.4)

Now, by using the relation Au”"t! = Vdivu"+! —V x V x u"*!, then (4.1) becomes:

T —evx Vxu! — 20 xu" + o x u"!

3un+1 — Ay" unfl
= A + — eVdive"t! 4 2vp" — vpiTL

Hence, we deduce from (4.4) that

3un+l —4u" + un—l
2At

Ap"T! = div ( — eVdiva"t! 4 2Vp" — Vp"_l) NCN)

Thus, we obtain

(4.6)

3 n+1 — 4u" n—1
ATt —2p" 4 p" !+ ediva T = div< “ wotu ) .

2At

Then we compute the pressure from

Ay = div

awn-&-l
on -

3un+l _ 4un + un—l)

241 @7

0,

and
pn+1 — wi‘l+] + 2pn _ pn—l _ 8divu”+l. (48)

Concerning the boundary conditions, we have the periodicity in the x and y directions
and the Dirichlet boundary conditions in the z direction for "+

n+l _ _n+l n+l1 _ n+l
U jk = UM jde  BM+1jk = ¥k

n+l1 _ _ n+l n+1 _ n+l
Uior = U N Ui Nv1,k = Wik

UL+l LWL g UijoT%j1 0

2 ’ 2

n+l1 +un+1 n+1 +un+l

The Neumann boundary conditions are imposed for ¥+ in the z direction and the
periodicity in x and y directions. Thus, we have

n+l _ ; n+l n+1 _ n+l
Yok =Yuje Yurijx = Vije
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n+1 _ ;n+1 n+1 _ .n+l
1//i,(),k - 1'//i,N,k’ wi,N+l,k - 1//i,l,k’

n+1 _ gn+l n+l _ , n+l
Vijrr =Vijr Vijo=Vij1
The periodicity in x and y for the pressure yields:

PO,j.k = PM,jk> PM+1,j.k = Pl,j.k>

Pi,0,k = Pi,N ks Pi,N+1,k = Pi,l.k»

and for the terms p; j o and p; j 1+1 we use the second order compact scheme to
compute them:

5 1 5
=Pij1—2pij2+ =Pij3  PijL+l = SPigL 2pijL—1+

Pi,j.o = 5 5 Epi,j,L—Z-
4.2 Finite volume discretization
To compute the velocity u”*!, we discretize (4.1) and we obtain:
3ul Ty — 4wl +ul ) Wt —2u H}c +ul i
AxAyAz—=L Al BT | AxAy 2L * ijk T j
2At Az
n+1 n+1 n+1 n+1 n+1 n+1
u.y ., —2u, +u, —2u’t, +u
1,j.k k —1,j.k 1,k k j—1,k
+ AyAz i+1,j, iJs i—1.j, + AxAz Wij+ iJ ij
Ax Ay
AyAz " AyAz n—1
2 Pitljk Piy,j) 2 (Pigr,jke = Pic1,ji)
AxAz AxAz
n n _ n—1 n—1
+2 & —— Pk~ Pij—i ) T(pi,j-&-l,k = Pij-14)
AxAy AxAy
n n—1
(p} jk+1 T Pic jk—l) (1’1 J1 ~ Pisy 1)
+ AxAyAz(a) X Quplj —ul ) = AxAyAzf:'j:}(. 4.9)
To compute the pressure we first compute 1"+
+1 +1 +1 +1 +1 +1
AxAy Vit = 2V T Vi ke + AyAz Vid e — 2 VL
Az Ax
‘ﬂinﬂl k _2‘/’;1J‘r11< ‘/’"Hl k 1
AxAz I J BITOE = AyAz | [3F. —4F,n F o
T AaxAz Ay T 21 o ul:‘%JJ( u"*%v/vk * ui+l%,f,k

3F, = —4F,; + F +AxAz [ (3F 01 —4Fy . + F
-4k i-§.jk -5k 1/+2 ity .k ,,+7
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—BFps1  —4Fp A+ Faa ):|+AxAy|:<3Fwn+l —4Fy A Fype ]>
ijk+y ijk+y

ik ij=gk ij-5k ijkty

—\3F, 1 —4Fn .t F o1 .
ijk=4 ijk=5 ijk—%

Then, we easily obtain the pressure:

i+l i-1
+ AxAz (sz.z-fv-ll — Fv_""_'l 1 ) =+ AxAy (wa"*_'l ] — Fwﬁ.—l ):| .
1,1+7.k l,_/—f,k !./,k+7 l,_/,k—j

4.3 Computation of the fluxes

+1 +1 -1 £
p?,j,k = l//irfj'k + 2[7;1,1',1( - p?’j’k - 7AxAyAz |:AyAZ (Fun+l — Fu”*{ ‘k)
L.

We recall here that the simplest method to compute the fluxes (linear interpolation)
does not work when the viscosity ¢ is small. Hence the authors in [11] considered a
modified interpolation method for the fluxes in two dimensional case. Now, since we
aim here to study the boundary layers at small viscosity, we need, on the one hand,
to adapt the discretization in [11] to the 3D dimensional case and, on the other hand,
to introduce the correctors in the finite volume discretization basis that is the MFVM.
Thus we first start by introducing the 3D fluxes inherited from [11]:

n+l1 n+1
Uity jk T Uik AyAz

F = +0 s, =2pt .+ pt.
ui:;j.k 2 4a (pl+2,_],k pl+l,_/,k pl,.],k)
AyAz
- QT(pinJrl,j,k - 2p;l,j,k + p;lfl,j,k)’
LU AxAz
Fop = —Jtbk T iik g noo_ogph o 4opn
vz:;m ) 4a (Pl,j+2,k Pij+1,k pl,J,k)
AxAz

=0 = Pl = 2P0k P10

n+l n+1
Wi k1 T Wik AxAy

j— n n n
Fw[”j,lk% = 2 +0 1a (Pijkr2 = 2Pi i1 + Piji)
AxAy
- QT(ij,k+1 —2pijx + Pijr—1)

Vi=0,....M,Vj=0,...,N,Vk=0,...,L,

where: 6 is the relaxation coefficient and

3AxAyA AxA AyA AxA
a= il Z-‘,—ZS al y+28 4 Z+2€ al Z.
2At Az Ax Ay
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5 Modified finite volume discretization

In this section we introduce a modified finite volume scheme, that is we approximate
the solution of (1.1) by

20, al.e
up = Z Tij0@  Xij0+ Z Ti,j,L+19  Xij,L+1 + Z"i,j,kXi,j,k, G.D

i,j=I1 i,j=I1 i,j.k
where
h = Az,
Wi j,0+uiji
Fijo=—"%5 "
2
oLl = WijL+1 +UijL
L], 2 E)
Xi,j,0 = X(xi_%,xi+%)X(yj_%,y.er%)X(O,h)’
Xi,j,L+1 = X(xi,%va%)X(yj,%vijr%)X((L_l)h’Lh)’
Xijk = X(Xi—%‘Xi+%)><(y_/7%’)y_/'Jr%)X(Zk*%’ZkJr%)’
and

~0,e ! 1 Z =2
0. =— T
vi /0 VA =) 2t — 1)
x {2t cos(a(t —t)) — 2t sin(a(r —t))}dr, Vi=1,2,

al.e /’ 1 1—z2 Z(zf—z)?
. = — e e(l—1

¢ o VARG —1) 25t — 1)

x {2t cos(a(t —t)) — 2t sin(a(t —t))}dr, Vi=1,2.

Multiplying (1.1); by x;,j k. integrating over €2, and replacing u® by u;, we find
that the equations are the same as the classical finite volume scheme (4.9). More-

over the correctors verify (2.2)1, hence they do not contribute to these equations. For
. . . . ~0,e al.e
the numerical simulations we do not use the modified boundary layer ¢ ~ and ¢

directly. Instead we consider another approximate form which reads as follows:

:O.S(t ) = —Z2 —22 0
¢ = exp 4et )’ “*p 4et ) 7)°

~0,¢ | . . .
Indeed, the approximation ¢  is much easier to be implemented numerically than

the theoretical corrector Eo’e obtained in Sect. 2 as in (2.6) and (2.7) (see Fig. 1).
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®
®
®

1 L L L L L L L L L
0 0.01 002 0.03 004 005 0.06 007 0.08 0.09 0.1
Z

~0, , . ..o ~0e _
Fig. 1 The corrector ¢ € (asterisk) and its approximation ¢ ¢ (circles)yatt = l,a =1, =10 5, near
z=0

Due to the nodes r; j o and r; j 141, the linear system associated with this scheme is
not closed. However, by adding the correctors, we are ensuring the closure of the linear
system corresponding to the MFVM considered here. In the following, we will show
how we handle this difficulty for the boundary layer at z = 0, that is the coefficient
r; 0, and we will skip the computations for the boundary layer at z = 1, that is the
coefficient r; j 11, thanks to the symmetry. Hence, we multiply (4.1) by the corrector

~0.¢ .
¢ and integrate over K; ; 1, we find:

3ut! — 4u" 4wl ~o, ~0, ~0,
/ = # e[ a3 [ ox o —w G
Kiji t Kiji Kiji

~ ~0, ~0,¢
+2/ Vpnao,s _ / vpn—la € — f”+1¢ F. (5.2)
Kiji Kij1 Kij1

In the following we will calculate each term of (5.2). For the first term in the LHS
(left-hand side) of (5.2) we find:

_ +1 —1
/ 3un+l —4u" +ut laO’EdXdde _ 3”7,,1 — 4u;ﬁj,1 + u;-l’j,I / ﬁo’gdxdydz
Ko 2At 2At Ko ’
ij 1
For the second term in the LHS of (5.2), we obtain:
~0, ~0, ~0,¢ Ju"t!
/ Au"t'g gdxdydz = - / vu'"t've sdxdydz + / ’ drT,
Kiji K, 9K on

ij1 ij1

~0’
ou'tl 9g ~0.¢ Ju" !
S S —dxdyds + 7 dr.
K

i 0z Z 0Kij1 on

(5.3)
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Now, we calculate the first term in the RHS of (5.3) and we find:

J

~0, qut! a
vu't've edxdydz :/ “ ¢ dxdydz

Kiji 9z 9z

Xit1/2 Yj+12 h/2 8u”+1 90 0.6
/ / L dxdydz
Xi1/2 JYj-12 0z

Xi+1/2 LYj+1/2 8un+1 3
/ / / (0 dxdydz
Xi—12 Jyj—12 Jh/2 9z 0z

wth — r"""I Xit12 pyiip ph/2 350’6
SEgNLL LB / / / dxdydz
- h
2 xXi—12 Jyj—12 YO 0z

ul'”;lz — ui“;ll Xiy12 Yt fh 3%0'5
4 / / / dxdydz
h Xi—1/2 Jyj-12 Jh/2 9z

~0,e (h ~0,¢
f(u;’fll —riphAxAy (q) (5)—¢ (0)>

n+1 n+1

Ui jn— U Oa ~Os h
——AxA h .
+ 3 XAy (h) — 2

ij1

For the second term in the RHS of (5.3) we have

~0,¢ aun+1 Xi+1/2 Yj+1/2 ~0 & Bu
IKij1 Xi-1j2 Jyj-ip Jz= 0 ¢
Xi+1/2 Yj+1/2 ~0,¢
xi—12 Yyj-12 Jez=h
X412 rh ~0.¢
Xi—1/2 Y=Yj-1/2
Xit12 ph ~0,e (0
/ f [ G
Xi—1/2 Y=Yj+1/2 Y
( 0

\/
L
=]

Yi+1/2 [h ~0,¢
Yj—1/2 X=Xi—1/2
Yj+1/2 ~0,¢
Yj-1/2 X=Xi+1/2

Now, the third term in the LHS of (5.2) can be rewritten as below:
n n—1 ~0.¢ n n—1 h ~0.¢
i o x Qu" —u" ) dxdydz =w X (Zui’j’1 —ui,j’l)AxAy A @ dxdydz.
ijl
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We calculate the first component of the fourth term in the LHS of (5.2) and we find:
+1 +1
P?+1,j,1 - p?—l,j,l

h~0£
AxA @, dz.
2 Ax )’/.5 ¢ az

/ Bxp""'%(f'sdxdydz =
Kij1

For the second component of the fourth term in the LHS of (5.2) we have:
+1 +1
Piis11 ~ Pij-11

hNOS
AxA v, dz.
27y xy/o ¢y az

/ oy p" 1y dxdydz =
K

ij1

Concerning the first term on the RHS of (5.2), we obtain

5 dxdydz = AxAy 1 h:O,sd
: @ dxdydz = Ax yfi’jy1 A ¢ dz.
ijl

Hence, we infer that
3ufth — Al 4wl h:o_gd [ (g0 (Y e
2A1 , & TR T )t
~0,e (h ~0¢ (h 1
+1=0, +1=0, +1 +1 +1
+2r75 .09 (5) U0 (5)) - <(Ax)2 (”?—1,,',1 —2uiG, +“:'l+1,j,1)

n+1 n+1 n+1 L ~0.¢ n n—1 h ~0,¢
(”i,j—|,1*2”1',_,',|+”i,j+|,1) A 90 dz|+ex Qui;—u;y) A ¢ dz

+
(Ay)?
-1 n—1
P11~ Pis1ja h =0,¢ P “Pi—1,j1 h =0.&
2Ax 0 @1 dz ) o o1 dz
—1 n—1
+2 Plisia=Phj—ia \ ph 0. - Pliia =P\ ph 0.6
2Ay Jo 92" dz ~ 2Ay 0 92 dz

h
~0,¢
=f;’j"]/0 0 dz.

6 Numerical results

In this section the error approximation is computed using the classical finite volume
method and the modified finite volume method. For that purpose, the test solution for
the pressure and the velocity are chosen as follows:

p(x,y,z,t) =tcosQmx)cosRmy)cos(mwz),

uf(x,y,z,1) = 1rsin(2wy) (1 — eV cos <%>> (1 e cos (%)) ’
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Table 1 The L2 norm of the
velocity error with the CFVM
and the MFVM for different 10 0.03206 0.12836
valuesof ¢ att = 1

N=M=L & CFVM MFVM

20 1072 0.00634 0.03893
30 0.00269 0.02553
10 0.09229 0.22647
20 1073 0.03372 0.15753
30 0.01331 0.08020
10 1.61660 x 103 0.04487
20 10-5 0.08741 0.01030
30 0.11722 0.00460
10 1,10612 x 1010 0.04490
20 1076 4.42881 x 10° 0.01032
30 1.12960 x 103 0.00442
10 5.26218 x 1092 0.04490
20 1077 1.16428 x 10 0.01032
30 6.72495 x 1017 0.00443
10 0.04490
20 10-10 The solution blows up 0.01032
30 0.00443

=z =(=2) —
ub(x,y,z,1) = tsin(2wx) (1 — e+ cos (%)) (1 —e («/5 cos <1ﬁz)> ,

and
uj(x,y,z,1) =0.

Note that the test solution given above satisfies the Eq. (1.1) with ug = 0, « = 1,
the periodicity condition in x and y with period 1 (instead of 27 for simplicity in
the numerical simulations), and the resulting source function f. More precisely, the
source function is chosen using the test solution given above.

Now, to obtain the spatial accuracy of the schemes, we choose the time step At =
102 and solve the system (1.1) with the above consideration for the data using the two
methods (CFVM and MFVM) with different space step values Ax = Ay = Az =
1/10, 1/20, 1/30. Moreover, the final time 7 is equal to 1 and the Reynolds number is
taken in the range 102-1010.

In what follows we will give some interpretations of the results obtained in Table
1 and Table 2. Let us start first by the velocity error stated in Table 1. By increasing

1 Since we consider here a moderate rotation, we are not concerned with large values of o which ranges
in this article between 1 and 50. Indeed, the case where « is large enough corresponds to the study of fast
rotating fluids which are not the objective of this work, see e.g. [14,22,23].
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Table 2 The L2 norm of the
pressure error with the CFVM
and the MFVM for different 10 0.02493 0.03178
valuesof ¢ att = 1

N=M=L & CFVM MFVM

20 1072 0.00511 0.00920
30 0.00224 0.00533
10 0.02684 0.02771
20 1073 0.00553 0.00907
30 0.00238 0.00590
10 1.48996 x 102 0.02602
20 1075 0.00774 0.00539
30 0.00655 0.00238
10 1.01953 x 1016 0.02601
20 10-° 2.83861 x 10° 0.00539
30 58.98117 0.00238
10 4.85027 x 10! 0.02601
20 1077 7.46273 x 10%7 0.00539
30 3.51186 x 100 0.00238
10 0.02601
20 10~10 The solution blows up 0.00539
30 0.00238

10

log(error)

10°

-1

10
log(A z)

Fig. 2 The space discretization error on the velocity with CFVM (asterisk) and MFVM (circles) (Re =
100, = 1)

the value of the Reynolds number, which is equivalent to decreasing &, we can see
that the MEVM attains better accuracy than the CFVM for Re > 10°, where x > y
(respect. x < y) means x > O(y) (respect. x < O(y)), whereas the CFVM does
so when Re < 103. However, we noticed that, for Re > 105, the CFVM becomes

@ Springer



B. Chaabane et al.

10°

log(error)

10°

-1

10
log(A z)

Fig. 3 The space discretization error on the pressure with CFVM (asterisk) and MFVM (circles) (Re =
100,r = 1)

log(error)

10 """~ e E

10'2/%

-3

10

log(A z)

Fig. 4 The space discretization error on the velocity with CFVM (asterisk) and MFVM (circles)(Re =
10°,1=1)

highly unstable and the MFVM does not. But, it is worth noting that the MFVM is
less accurate than the CFVM when Re < 10° which is somehow natural because our
new scheme MFVM is more designed for boundary layers, that is for high Reynolds
number.

For the pressure error, as we observed for the velocity, the same conclusions deduced
from Table 1 remain valid for Table 2.

Moreover, in Figs. 2 and 4 (respect. Figs. 3 and 5), we show the L2-error on the
velocity (respect. on the pressure) for both methods CFVM and MFVM at different
values of the Reynolds number. More precisely, these errors are obtained for the
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3

10

10° ]

1 B

10 ¢ . 1

0 -

10" . E

log(error)

log(A z)

Fig. 5 The space discretization error on the pressure with CFVM (asterisk) and MFVM (circles) (Re =
10°,1=1)

velocity (respect. for the pressure) at Re = 102 in Fig. 2 (respect. Fig. 3), and in Fig. 4
(respect. Fig. 5) at Re = 10°. According to Figs. 4 and 5, where we set the Reynolds
number Re = 105, we observe that the errors values obtained from the MFVM are
much smaller than the ones acquired from the CFVM, for both the velocity and the
pressure.

7 Conclusion and future work

In this paper we have compared two different finite volume methods CFVM and
MFVM when the viscosity is considered small and more precisely in the range of
10~2-10~'9. To this end, we derived an approximate solution of the time-dependent
rotating fluid in 3 D channel using the splitting methods for the time discretization and
colocated space discretization. One of the novelties of this article is that we propose
a new numerical approach to treat the pressure and the incompressibility condition
by introducing correctors which solve the boundary layers. We also showed that the
MFVM is more performing than the CFVM when the viscosity is small, otherwise
we showed that our MFVM still perform for very large Reynolds number. To the best
of our knowledge, this is the first work which gives a modified finite volume scheme
taking into account boundary layer without mesh refinement for the linearized Navier—
Stokes equations. Note that the consideration of a physical viscosity in the numerical
codes introduced in this article does not make the computations expensive (about tow
hours when we consider N = 30 and & = 10~'0). The method developed here may
apply to many other problems and domains. This will be the subject of subsequent
works.

Acknowledgements The authors are very grateful to Sylvain Faure with whom we had many fruitful
discussions and especially for providing us the 2D Matlab codes corresponding to the scheme introduced
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support during this work.

Appendix A

In this appendix, we give a sketch of the proof of the existence and regularity of the
solution of the limit problem (1.2). For a complete study of the existence of solution of
systems similar to (1.2) we refer the reader to [18], see also [5] and [16]. We first want
to apply the Hille—Phillips—Yosida Theorem [28] to prove the existence and uniqueness
of the solution of (1.2). Thus we start by introducing the adequate function spaces:

H={ve(L*(Q)%divo=0,v3z=0)=v3(z =h) =0,
and v is 27 periodic in the x and y directions}.

D(A)={ve H;3p eD(RQ), suchthatw x v+ Vp € H},

that we endow with the norm
Ivlpeay = (vl + llo x v+ Vpl3) 2 (A.D)

Then for v € D(A) we set Av = @ X v + Vp, thus we define an unbounded linear
operator A which maps D(A) C H onto H. Here, A denotes the differential operator
associated with A.

Hence, we aim to apply the Hille—Phillips—Yosida Theorem for the system (1.2)
which involves the operator A defined above. Here, we recall this well-known theorem.

Theorem A.1 (Hille-Phillips—Yosida Theorem) Let H be a Hilbert space and let
B : D(B) — H alinearunbounded operator, withdomain D(B) C H suchthat D(B)
is dense in H and (— B) is m-dissipative. Then (— B) is the infinitesimal generator of
a contraction semigroup {S(t)};~0 in H, and the solution of the following system:

dv By f
a v (A.2)
v|;=0 = Vo,

satisfies the following properties:
(P) Ifvgand f € L'(0, T; H) thenv € C°([0, T]; H),Y T > 0.
(P2) If vg € D(B) and f' € LY(0, T; H) then

veCl(o,T]; H)nC®(0, TT; D(B)) and % e L®(0,T]; H),VT > 0.

The reader is referred to [28] and [2] for more details about the above result. Before
proving that the operator A satisfies all the hypotheses of Theorem A.1, we first recall
the definitions of dissipative and m-dissipative operators, see e.g. [8, Def. 3.13] and

[6].
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Definition A.1 A linear operator A : D(A) — H is called dissipative in H if and
only if

Yu € D(A), VA > 0, lu — AAul|| = ||lul|.

Definition A.2 A linear operator A : D(A) — H is called m-dissipative if A is
dissipative and

VfeHVYA>0,3ue DA, u—rAu=f.

Now, we can state and prove the existence result for the (1.2) as below.
Corollary A.1 For given f € C'([0, T1; H) and uy € D(A), there exists a unique
solution (u?, pO) to the system (1.2) with

u’ e C1([0, T); H) N CO([0, TT; D(A)),
0
%%GCWMTLHLVT>Q (A3)

vp?ec(0,T1; H), VT > 0.

Note that the pressure p° is unique up to an additive constant.

Proof First, using the operator A corresponding to (1.2) and introduced just before
Theorem A.1, it is easy to see that the system (1.2) can be written in a similar setting
as (A.2). Second, we now show that the operator (—A) is m-dissipative. Hence, it is
necessary to prove that the following system:

M Xxu+AVp+u = f,
divu =0, (A.4)
u3=0,enz=0,1,

has a unique solution in D(A) for all f € H and A > 0, and in addition the solution
of (A.4) satisfies the following estimate:

lullg <1 flla, VfeH. (A.5)

For the existence issue, we will use the Lax—Milgram Theorem which necessitates
the variational formulation of (A.4). Hence, we multiply (A.4) by v € H and integrate
over 2, we find:

k/(wxu)-vd§2+kf Vp-de+/u~de=/fde.
Q Q Q Q

Thanks to the fact that v € H, we have

/vadQ:—/pdivde—i—/ pv-ndl’ =0.
Q Q aQ

@ Springer



B. Chaabane et al.

Then, we set
a(u,v):k/(wxu)-vdﬂ—l—/u~de,
Q Q
and
F(v):/fde.
Q

Here a is a continuous and coercive bilinear form in H x H. In fact we have:

la(u, v)| < AMulglvig + |ulglvig,
< kM) |ulplvlu,

and
2
la(u, w)| = luly.

Also F(v) is a continuous linear form:

/ fvdQ < |fllvl.
Q

Hence, according to the Lax—Milgram Theorem, there exists a unique u € H such
that:

Mu+u=f,
that is,
A Xu+AVp+u=f.

Multiplying the above equation by # and integrating over €2, we find:

k/ (0 X u)udQ—i—k/ VpudSZ~|—/ uu d2 :/ fuds2,
Q Q Q Q
then the solution u satisfies the estimate:

lullg < 1 flla-

Also we have:
lullpay = (lully + llo x u+ Vpl3p'/2,
< lullg +llwxu+Vply,
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<kMISflla-

Hence (-A) is a m-dissipative operator. Moreover we have u( € H, then according to
the Hille—Yosida theorem the system (1.2) has a unique solution # € C([0, oo, H).
Furthermore, we have:

1 1
Vel < XIIfIIH—l + XIIMIIH—I + @ x ull g
=kMISfn-

Then, we obtain
IPll2@) < kISfla-

[m}

Now, we end this appendix by stating and proving some regularity results for the
solution of (1.2) which are straightforward obtained as a consequence of Theorem
A.1. More precisely, we have the following.

Proposition A.1 Ler f € C'([0, T]; H N HX(Q)), k > 1 and uy € D(A) N HX(Q).
Then, the solution of (1.2) belongs to C°([0, T1; D(A) N HX(Q)).

Proof First, we observe that, since the rotation is assumed to be parallel to the z—
direction, the Coriolis term vanishes in the normal direction, i.e. (@ x u°) - e3 = 0.
Second, we deduce the equation of the pressure p® by simply applying the divergence
operator to (1.2); and using (1.2),. Hence, we obtain

ApY =div(f — » x u°). (A.6)

Thanks to (A.3) and the regularity hypothesis on f as stated in Proposition A.1,
we infer that p® e C1([0, T1; H'(2)). Since fo fy € CcY([0,T1; H),k > 1 and
uoyx, Woy € D(A) and using the invariance of the systém (1.2) under differentiation in
x and y, then Corollary A.1 implies that p?, p) € C'([0, T]; H' ().

Third, we use the equation (1.2); projected in the normal direction z and we infer
that p? € C°([0, T1; H'(R)). Hence, we have p° € C([0, TT; H*(Q)).

Using the two first equations in (1.2); we deduce that u’ e ¢O(0, T1; D(A) N
H'(Q)).

This mechanism allows us to prove a higher regularity for u® since now we consider
again Eq. (A.6) and we repeat the above steps.

This concludes the proof of Proposition A.1. O
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