
1 2 2

1

2

∗

{fi}

∗



L
∆x L0 ≡ {xj ∈ (∆xZ)d}

d ∆t
λ ≡ ∆x

∆t

vi, i ∈ (0 . . . q) vi ≡ ci
∆x
∆t

= ciλ ci

L
2 9

d = 2 q = 8
ci, i ∈ (0 . . .8) c = (0, 0), (1, 0), (0, 1),

(−1, 0), (0,−1), (1, 1), (−1, 1), (−1,−1), (1,−1)

fi

fi(xj, t + ∆t) = f ∗
i (xj − vi∆t, t), 0 ≤ i ≤ 8,

∗
∆t

• xj

0 = 0

i 1 ≤ i ≤ 4

i 5 ≤ i ≤ 8
• {fi}

xj ∗
mk

fj

mk =
∑

j

Mk jfj.

Mk j M

m0 ≡ T m1 m2 x y
m3 m4 m5 m6



x y m7 m8

m0

meq
k

m∗
k = (1 − sk) mk + skm

eq
k , 1 ≤ k ≤ 8,

sk ≡ ∆t
τk

0 < sk < 2
sk

meq
k

meq
3 = αT, meq

4 =
βT, qeq

x = 0, qeq
y = 0, peq

xx = axxT peq
xy = axyT

∆t

∂T

∂t
− div(K∇T ) = O(∆t3),

K = (ki,j)1≤i,j≤2 k11 = λ2∆t
6

( 1

s1

− 1

2
)(4+α+

3axx) k12 = k21 = λ2∆t
2

( 1

s1

+ 1

s2

− 1)axy k22 = λ2∆t
6

( 1

s2

− 1

2
)(4 +α− 3axx)

axx =
axy = 0 s1 = s2 = s

κ =
λ2

6
∆t (4 + α)(

1

s
−

1

2
).

(vx, vy) meq
1 = λvxT meq

2 = λvyT

∂T
∂t

+ v.∇T − K∆T = O(∆t2).

∂Ω



xb xe ≡ xb − ∆x

Ωx 31x

xe x b

x
S

?? K

N

x2 x4

xΔ

x

xI

xb

xe ≡ xb − ∆x

fi(xb, t), i ∈ (0 . . .8) xb t
f ∗

3 (xb, t)
xe t+∆t

f1(xb, t + ∆t) xe f ∗
1 (xe, t)

∂Ω
xe xb xe + ∆x

2

• T (xe + ∆x
2

) ∂Ω 1
∆t

f1(xb, t + ∆t) = −f3(xe, t + ∆t) + 1

36
(4 − α − 2β + 9axx) T (xe + ∆x

2
)

f5(xb, t + ∆t) = −f7(x2, t + ∆t) + 1

36
(4 + 2α + β + 9axy) T (xS)

f8(xb, t + ∆t) = −f6(x1, t + ∆t) + 1

36
(4 + 2α + β − 9axy) T (xN)



f1(xb, t + ∆t) = f ∗
1 (xe, t) =

1

36
(4m0 +

6m∗
1

λ
− m∗

3 − 2m∗
4 − 6m∗

5 + 9m∗
7)(xe, t),

f3(xe, t + ∆t) = f ∗
3 (xb, t) =

1

36
(4m0 −

6m∗
1

λ
− m∗

3 − 2m∗
4 + 6m∗

5 + 9m∗
7)(xb, t).

∆t [ ]

m∗
k = meq

k + ∆t

(

1

2
− σk

)

θk + O(∆t2), k ≥ 2,

σk ≡
(

1

sk
− 1

2

)

θk

θk ≡ ∂tm
eq
k +

∑

j,α

Mk jMα j∂αf eq
j .

f1(xb, t + ∆t) + f3(xe, t + ∆t)
θk

f1(xb, t + ∆t) + f3(xe, t + ∆t) =
= 1

72
(4 − α − 2β + 9axx) (T (xe) + T (xb)) + O(∆t)

= 1

36
(4 − α − 2β + 9axx)T (xe + ∆x

2
) + O(∆t).

f5 f6 f7 f8

T (xe + ∆x
2

) = 0

•

∂T
∂xα

∂2T
∂xαxβ

x ∈ L0



K
• xi t

mk = meq
k −∆t(

1

2
+σk)

[

θk − ∆t(σk∂tθk + σlΛ
ℓ
kα∂αθℓ)

]

+O(∆t3), k ≥ 1,

Λℓ
kp =

∑

j Mk j Mp j M−1
j,ℓ

T
m1 m2

m1 = −λ2∆t

(

1

2
+ σ1

) [

(4 + α + 3axx)

6

∂T

∂x
+ axy

∂T

∂y

]

+ O(∆t3),

m2 = −λ2∆t

(

1

2
+ σ2

) [

axy
∂T

∂x
+

(4 + α − 3axx)

6

∂T

∂y

]

+ O(∆t3).

T
m3 m7 m8

m3=αT + ∆t2
(

1

2
+ σ3

)

λ2

[(

σ1

4 + α + 3axx

6
+ σ5

α + β − 3axx

3

)

∂2T

∂x2
+

+ (σ2

4 + α + 3axx

6
+ σ6

α + β + 3axx

3
)
∂2T

∂y2
+(σ1 + σ2 + σ5 + σ6) axy

∂2T

∂x∂y

]

,

m7=axxT + ∆t2
(

1

2
+ σ7

)

λ2

3

[(

σ1

4 + α + 3axx

6
− σ5

α + β − 3axx

3

)

∂2T

∂x2
+

+(σ6

α + β + 3axx

3
− σ2

4 + α − 3axx

6
)
∂2T

∂y2
+(σ1 − σ2 + σ6 − σ5) axy

∂2T

∂x∂y

]

,

m8 = axyT + ∆t2
(

1

2
+ σ8

)

λ2

3

[

(2σ2 + σ6)axy
∂2T

∂x2
+ (2σ1 + σ5)axy

∂2T

∂y2
+

+

(

σ1

4 + α + 3axx

3
+ σ2

4 + α − 3axx

3
+

+σ5

α + β − 3axx

3
+ σ6

α + β + 3axx

3

)

∂2T

∂x∂y

]

.



m5 m6 ∇T m4

m7 m8

j

(xS, xN) ≡ (SN)
xe xb ≡ xe + ∆x

jSN(xe +
∆x

2
, t + ∆t) = λ (f1(xb, t + ∆t) − f3(xe, t + ∆t)) +

+λΨ1 (f5(xb, t + ∆t) − f7(x2, t + ∆t) + f5(x3, t + ∆t) − f7(xb, t + ∆t)) +

+λΨ2 (f8(xb, t + ∆t) − f6(x1, t + ∆t) + f8(x4, t + ∆t) − f6(xb, t + ∆t)) ,

Ψ1 Ψ2

1

∆x

∫

SN

div(K.∇T ).nSNdy = K11

∂T

∂x
(xI, t) + K12

∂T

∂y
(xI , t) + O(∆x) =

= −jSN(xI, t + ∆t) + O(∆x),

xI = xe + ∆x
2

∂T
∂x

SN
Ψ1 Ψ2 jSN

Ψ1 Ψ2

axx = axy = 0 Ψ1 = Ψ2 = 1

2

1 −Ku′′(x) = c
]0, 1[ u(0) = u(1) = 0 y

x
α = −2, β = 1, axx = axy = 0, s1 = s2 = 1.2, s3 =

1.8, s4 = 1.2, s5 = s6 = 1.5 s7 = s8 = 1.3
ℓ2 u(x) = x(1 − x)c/(2K)

2 9



2
−K∆u = f

Ω =]0, 1[2 u = u ΓD, ∂nu = g ΓN , K f = −2K
ΓD ≡ {0}× (0, 1)∪{1}× (0, 1) u = 0 {0}× (0, 1) 1−3y {1}× (0, 1)

g = −3x ΓN ≡ (0, 1)× {0}∪ (0, 1)× {1}
u(x, y) = x2 − 3xy

x y
α = −2, β = 1, axx =

axy = 0, s1 = s2 = 1.2, s3 = 1.1, s4 = 1.4, s5 = s6 = 1.5 s7 = s8 = 1.5
ℓ2

2 9

 1e-05

 1e-04

 0.001

 0.01

 100 50 20 10 5

l2  e
rro

r

mesh size

ℓ2

−div(K∇u) = 0 Ω =]0, 1[2, u = u ∂Ω.

K = Rθ diag(1, 10−3) R−1

θ Rθ θ = 40
u = 1 (0, 0.2)×{0}∪{0}×(0, 0.2), 0 (0.8, 1)×{1}∪{1}×(0.8, 1), 1

2

(0.3, 1)×{0}∪{0}×(0.3, 1), 1

2
(0, 0.7)×{1}∪{1}×(0, 0.7).

151 × 151
2 9 5.105 s1 = 1.3

s2 = 1.8 β = 1 K

Tmax = 0.9984 Tmin = 0.0015 (a)



(b) ∇T
m1 m2 (a) m5 m6 (b)

∂2T
∂xαxβ

m3, m7 m8 9 × 1512

151 × 151
0

1

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  0.2  0.4  0.6  0.8  1

gr
ad

x

(a)

gradx with m1,m2gradx with m5,m6gradx with F.D.

-3

-2

-1

 0

 1

 2

 0  0.2  0.4  0.6  0.8  1

gr
ad

y

x

(b)
grady with m1,m2grady with m5,m6grady with F.D.

(a) ∂T
∂x

x (b) ∂T
∂y

x y = 1/2



-60

-40

-20

 0

 20

 40

 60

 80

 100

 0  0.2  0.4  0.6  0.8  1

d x
x

x

(c)

dxx with LBE
dxy with LBE
dyy with LBE
dxx with F.D.
dxy with F.D.
dyy with F.D.

x y = 1/2




