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We consider two models of flow and transport in porous media, the first one for consolidational
flow in compressible sedimentary basins, the second one for flow in partially saturated media.
Despite the differences in these physical settings, they lead to quite similar mathematical models
with a strong pressure coupling. The first model is a coupled system of pde’s of parabolic type.
The second one involves a coupled system of pdes of degenerate parabolic—hyperbolic type. We
state an existence result of weak solutions for both models.
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1. Two Models of Flow and Transport in Continuum Fluid Mechanics

This paper is devoted to the mathematical analysis of some models of pressure-driven
flow processes. They play an important role in numerous natural and engineered
systems, especially in subsurface hydrology. Typical applications are the study of
pollutants transport in the underground, infiltration from industrial waste disposal,
radionuclide repositories, saltwater intrusion in coastal aquifers, geothermal energy
extraction systems, diagenetic processes in sedimentary basins, etc. A large literature
is devoted to the derivation of models, based on the conservation laws, for flow and
transport problems in porous media. Let us quote for instance classical textbooks
Refs. 5, 25, 6, 27 and 18. We refer to Ref. 20 for the heat transfer problems and to
Ref. 11 for oil reservoir simulation. Most of the models involve a partial differential
equation governing the pressure coupled with some other partial differential
equations for basic quantities describing the composition of the fluid (concentrations
for a miscible flow, saturation for an immiscible flow, temperature...). From a
mathematical viewpoint, the coupling in this system of pdes is one of the main
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difficulties of the problem. From a physical viewpoint, the aim is to neglect as less as
possible the coupling.

In the present work, we focus on some pressure-driven processes. The aforemen-
tioned coupling is thus essentially due to pressure effects. As a motivation for the
reader, we focus on two examples. In the first one, the derivation of a mathematical
model for a consolidation process in a deformable porous medium leads to the study
of a coupled system of parabolic equations. In the second example, we consider a flow
in a partially saturated medium described by a system of equations of degenerate
parabolic type.

1.1. Consolidational fluid flow

Accurate prediction in structurally weak geologic areas requires both mechanical
deformation and fluid flow modeling. A wide range of real problems has to be studied
in this way. For waste disposals, one often considers that sediments are the most
important barrier for preventing a release in the biosphere.” Even overpressurized oil
reservoirs located in stable environments may undergo settling at the start of pro-
duction. We aim to provide a model coupling the effects of sediment consolidation
and associated fluid flow and transport.

We consider the displacement of two miscible species transported by a compres-
sible flow in a porous deformable medium. We begin by the part of the derivation
which is not influenced by the compressibility of the medium. We denote by p the
pressure and by ¢ the mass concentration of one of the two components of the
mixture. The Darcy velocity is designated by u. The classical Darcy law for porous
media gives

k
u=——Vp,
7

where k is the permeability of the medium and g is the viscosity of the fluid. We
define the hydraulic conductivity  of the fluid by

K=—.

1
We neglect the gravitational terms. The porosity of the medium is denoted by 6. The
conservation of mass of each component is given by the following equations:

04(0pyc) + div(pycu) — div(p,0D(u)Ve) = pi(g; — g5¢), (1.1)
D1(0p2(1 = ¢)) 4 div(pa(1 — c)u) — div(p0D(u) V(1 = ¢)) = —paqs(1 —¢).  (1.2)

Each component is borne along by the flow (convection). The diffusion is due to
molecular agitation which carry it along the direction of its concentration gradient.
The dispersion lies with the heterogenities of the macroscopic velocity. The diffusive
and dispersive effects are both modeled by the tensor D(u). For the usual rates of
Peclet’s number, the displacement is essentially induced by convection. The injection
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and production source terms are denoted by ¢; and ¢,. Now we model the compres-
sibility of the fluid. We assume that pressure p and densities p; are related by the
following state equations:

dp:
ﬁ = z’idpa 1= 1727

7

with z; > 25 > 0, each real number z; being the compressibility coefficient of the ith
component of the mixture. By choosing z; = 2z, = 0, we would consider an incom-
pressible fluid. Using the latter relations in Egs. (1.1)—(1.2), we get

0(0¢) + 02,¢0,p + div(cu) — div(0D(u)Ve) = ¢; — q,c,
01 (0(1 — ¢)) 4+ 025(1 — ¢)0yp + div((1 — ¢)u) — div(0D(u)V(1 — ¢)) = —gq,(1 — ¢).

Here we have used the slight compressibility assumption of Ref. 16 to neglect the
terms of order O(z;|u|?) with regard to the term u - Ve. Now, summing up the two
latter equations we obtain an equation for p which expresses the total mass con-
servation during the displacement. The flow is then governed by the following sys-
tem:

040 + ba(c)Osp + div(u) = ¢; — g, (1.3)
00;c 4 0b(c)0sp + u - Ve — div(0D(u)Ve) = ¢;(1 — ¢),
where we set
a(c) = (21 — 22)c + 29, ble) = (21 — z)c(l —¢).

We now include in the model the effects of the rock compressibility. When char-
ging a water saturated medium with little permeability (especially clay mineral),
almost no compressing is observed for small observation times. Indeed, at the
beginning of the experience, the charge induces an increase in the water pressure
which has to be drained by the porous environment. But the final compressing may
be very important. This phenomenon is the consolidation process. As the changing
pore space is the controlling process for consolidational fluid flow, the variations of
porosity are one of the keys of the model. First attempts to account for the
phenomenon were based on depth-dependent porosity models 6 = 6(z). For instance,
Athy’s model,* is 0(z) = 0, exp(—Mz), (6,, M) € R? being specified by measure-
ments. But this relation implies that the porosity change is not controlled by pressure
changes. A physically more consistent approach is to derive an equation for the
porosity. Denoting by o the total stress and by o, the stress within the skeleton, we
have

o=0p+ (1-20)o,,
the effects due to pressure water being given by 6p. Following Terzaghi’s theory, we

define the effective stress o, = (1 — 0)(o, — p). It follows that 0 = o, + p. Assuming
that the total stress remains unchanged, we write

do, = —dp. (1.5)
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If the grains of the porous rock are incompressible, the deformation is mainly pro-
duced by the rearrangement of the assembly of grains (see Ref. 15). Then, as a bulk
volume V deforms, its solid part V, = (1 — )V remains unchanged:

dv, df av
2= 1-6 =0.
do, do, Vi ( ) do, 0
Bearing in mind (1.5), we infer from the latter relation that
1 dv 1 db

Sl A L.
Vdo, 1-0dp (16)

Assuming relative small volume changes and an elastic behavior for the soil, one
generally defines the soil compressibility constant o € R by

o 1 4dv
Vo,
It then follows from Eq. (1.6) that
db
—=(1-0)a. 1.7
= (1= 0 (17)

This equation is physically wrong. Indeed it involves high porosity loss at low por-
osities. Moreover, as already mentioned in Ref. 8, the sediment compressibility «
cannot be treated as a constant:

a = ap). (1.8)
Obviously it should decrease during the consolidation process. We also guess from

Ref. 8 that hydraulic conductivity x and sediment compressibility o undergo similar
changes during the process. For instance, assuming a Kozeny—Carman relation

for &,”
_ _ 0(p)?
K= K’(g(p)) K:O (1 _ 9(p))2 9
one considers
0(p)?
a=«af =0y
Finally, the model for consolidational flow reads
0:0(p) + 0(p)a(c)Oip + div(u) = ¢; — q,, u = —r(0(p))Vp, (1.9)
0(p)0ic + 6(p)b(c)0;p + u - Ve — div(0(p)D(w) Ve) = ¢;(1 — ), (1.10)

1
where function 6 is defined by (1.7)—(1.8), a(c) = (21 — z3)c+ 29, b(c) =
(21 — z9)c(1 — ¢). Note that if Eq. (1.9) is written using (

(1 =0(p))(p) + 0(p)a(c))dpp + div(u) = ¢; — g,
one recognizes the coefficient of water storage

Sop=(1—0)a+ba.

a9
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Note that, in the present derivation, the latter storativity depends on pressure and
concentration. The term (1 — #)« accounts for the rock compressibility, and the term
fa accounts for the fluid compressibility.

1.2. Miscible flow in a partially saturated medium

We now describe a model for the displacement and transport of miscible species in a
partially saturated porous medium, for instance in the context of the drying of a
weakly permeable material. The unsaturated zone is prone to contamination from
agriculture, where many chemicals such as fertilizers and pesticides are frequently
applied to the field. The unsaturated zone is also sometimes viewed as a receptacle for
waste storage. We also quote the modern gold mining methods as a wide range of
applications. Assume that two components are transported in a wetting phase
(water) in the presence of a non-wetting fluid (air). The basis for the mathematical
modeling is once again the mass conservation principle. We thus rewrite Eqs. (1.1)—
(1.2):

O4(0py1c) + div(picu) — div(p0D(u)Ve) = pi(g; — gs)c, (1.11)
9:(0p2(1 = ¢)) + div(py(1 — c)u) — div(pfD(w) V(1 =€) = —pags(1 —¢).  (1.12)

But now function 6 is the volumetric moisture content defined by

0 = ¢s,
where ¢ is the porosity of the medium and s is the effective degree of saturation
S -5,
§=—=—7,
Sy — S,

where S'is the saturation, S, and S, are the saturation and residual water contents
respectively. Assuming that the air present in the unsaturated zone has infinite
mobility allows to admit Richards hypothesis. The saturation s and then function 6
are thus considered as monotone functions depending on the pressure head p. This is
similar to assume that the pressure is given by a capillary pressure P, = P,(s). Fol-
lowing the lines of the latter subsection (assuming once again the slight compressi-
bility of the fluid), we get

0:0(p) + 0(p)a(c)dp +div(v) = ¢; — g5, u = —k(0(p))Vp, (1.13)
0(p)0sc + 0(p)b(c)dyp + u - Ve — div(0(p)D(u)Ve) = ¢;(1 — ), (1.14)
where functions a and b are still defined by
a(c) = (21 — z)c+ 25, b(c) = (21 — z)c(1 —¢).

Note that if the fluid is assumed incompressible, z; = z5 = 0, then Eq. (1.13) is the
classical Richards equation in the pressure formulation. The key of the model is a
correct definition of the volumetric moisture content 6 and of the mobility function .
Let us assume that the saturation pressure P, is zero. The fracture component of the
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medium is fully-saturated in the groundwater region {z; p(z,-) > P, = 0}, while it is
partially saturated in the capillary fringe {z; P; < p(x,-) < 0}. The dry part is the
set {z; p(z,-) < P;}. The moisture content is such that

10) (constant porosity) if p>0,
O(p) =< O(p) (with 0 <0(p) < ¢ and ¢'(p) >0) if P, <p<0, (1.15)
0 (dry zone) if p< P

The permeability of the soil remains essentially equal to the saturated coefficient of
permeability until the air-entry value of the soil is reached. And at the residual water
content, both the moisture content and the permeability become zero (see for
instance van Genuchten et al.**). The mobility has thus the following form:

k/u (constant mobility) if p>0,
k(0(p)) = ¢ K(0(p)) (0<(k00)(p) <k/p,(kob) (p)>0) if P;<p<0, (1.16)
0 (dry zone) if p< Py

Commonly used pairs (6, k) are given by the van Genuchten—Mualem model,*"** by
the van Genuchten—Burdine model,>"'* or by the Brooks—Corey model.” See
Remark 1 below for an explicit example. A significant amount of work has been
performed in obtaining values for the empirical scaling parameters.

2. Mathematical Setting of the Problem and Main Results

We consider a domain §2 of R3? with C! boundary I'. The unit normal pointing
outward €2 is denoted by v. The time interval of interest is (0,7, Qr = Q x (0,7). In
view of the similarities of the models derived in Sec. 1, we consider the following
system of pdes in Q.

9,0(p) + 6(p)a(c)O;p + div(u) = ¢; — ¢, u = —r(6(p))Vp, (2.1)
0(p)0ic + 0(p)b(c)Opp + u - Ve — div(6(p)D(u) Ve) = ¢i(1 —c). (2.2)
Functions a and b are defined in (0, 1) by
a(@) = (21 — )z + 22, b(z) = (21 — w)z(1—2), =z€(0,1),

and are continuously extended to R. The source terms ¢; and ¢, are some given non-
negative functions of L2(2). The diffusive and dispersive effects are expressed by the
tensor D(u),

D(u) = [ul(ar&(u) + ar(ld = E(u))) + D,,1d,
where E(u);; = u;u;/|u |2, ar, and ap are the longitudinal and transverse dispersion
constants, ay, > ap > 0, and D,,, > 0 is the molecular diffusion. Assuming D,,, > 0 is
mathematically convenient because this hypothesis ensures that the concentration
equation is of parabolic type. But for the usual rates of flow, convection is the highly
dominant process. One thus has to consider the degenerate case where D,, = ay =

ar =0 (see Theorem 2.2). Tortuosity effects could be included in the model by
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replacing the term div(6(p)D(u)Ve) by div(6(p)"D(u)Ve), where T is some positive

real number. The most important coupling is induced in the system by the functions 6
and x which are pressure-dependent. We assume

0eC'R), 0<6l(z)<b,, O(x)>0VzeR, (2.3)

ke€CRL), 0<k(z)<kr,  VreR,, (2.4)

where 0, and x, are given non-negative real numbers. Note that functions 6 and «
characterize the mathematical type of the problem. Indeed tensor D satifies

D(Q)f ! E > (Dm + O‘T|ﬂ‘) |§‘2a |D(Q)§| < (Dm + O‘L‘ﬂ') |§|a (25)
for any £ € R3. System (2.1)—(2.2) is thus of parabolic type if # and  are positive

functions. System (2.1)—(2.2) is of degenerate parabolic type if § and x are non-
negative functions.
The problem is completed by the following initial and boundary conditions.
u-v; =0 onl X (O,T),p‘r2 =P, in (0,7T),
p(z,0) = py(z) in Q,
0(p)D(w)Ve-vy =0 onTy x (0,7T), ¢, =Cy in (0,7),
c(x,0) = ¢y(x) inQ,

(2.6)

(2.7)

where the boundary I' of €2 is the disjoint union of I'; and I'y. The mixed boundary
conditions are chosen to insert in the model infiltration problems. Functions P, and
C, belong to the space H1(0,T; HY/2(I")). Functions p, € H%(Q), ¢, € H%(Q) satisfy
the compatibility conditions
{p01-2 :PZ(:E’O)’ C()|F2 :C2(ma0)a
K(0(po)) Vo - v1 = 0,0(po) D(—£(6(po)) Vo) Vo - vy = 0.

We also assume that ¢y € L>(€2) is an admissible concentration:
0<c¢(z)<1l ae. inQ. (2.8)
The first result of this paper is devoted to the parabolic setting of the problem.

Theorem 2.1. (Consolidational flow model) Assume that there exist two real
numbers 0_ and k_ such that

O(x) >0_>0 VexeR, k(x)>k_.>0 VrecR,. (2.9)
Assume
D,, >0, ar>ap>0. (2.10)
Then problem (2.1)—(2.2), (2.6)—(2.7) admits a weak solution (p, ¢) satisfying

(i) the function p € L>(0,T; H(2)) N H(0,T; L2(Q2)) is solution of (2.1), (2.6);

(ii) the function c € L>®(Qy) N L2(0,T; HY(Q)) is a solution of (2.2), (2.7), verified
in L*(0,T;(V)'), where V = {f € L*(0,T;W'*(Q)); fi,, = 0}. It satisfies 0 <
c(z,t) <1 ae in Qp.
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Let us give some references for this type of coupled parabolic problem. Amirat
et al. have proved in Ref. 3 the existence of weak solutions for some similar problem,
but assuming a lower coupling, that is = 6(x) and k = k(x). The author have
studied in Ref. 13 the case where the coupling is induced by the concentrations, that

1" who obtained a weak existence

is 0 = 0(z) and k = k(c). We also quote Daim et a
result for a two-phase incompressible flow model, that is = 0(p) and x = k(c).

We now consider the fully degenerate setting:

9,8(p) +0(p)a(c)0ip + div(u) = ¢; — g, u = —r(6(p))Vp, (2.11)
0(p)0sc + 0(p)b(c)9yp +u - Ve = ¢;(1 —¢), (2.12)

u-vy =0o0nI; x (O,T),p|r2 =P in (0,7,
p(2,0) = pyla) in 0, 219)
c(x,0) = ¢y(x) in Q. (2.14)

We assume Py(z,t) > P;in I'y x (0,7), py(z) > P; in Q. For the latter degenerate
parabolic—hyperbolic system, we claim and prove the following result.

Theorem 2.2. (Partially saturated model) Assume that functions 0 and x satisfy
(2.3)—(2.4). Assume, moreover,

there exists g > 0 such that k is increasing in (0,&g), (2.15)

lim O(p) =0, O(p) >0 if p> P, lirré k(s)=0, k(s)>0 ifs>0, (2.16)

p—F
(2.17)

Then problem (2.11)—(2.14) admits a weak solution (p, ¢) such that

(i) Equation (2.1) is satisfied in L2(0,T; H1(QQ)); the pressure function p belongs to
L%(Qr) and is such that u € (L*(Q7))?;
(i) the function c belongs to L>(Qp) and satisfies 0 < ¢(z,t) <1 a.e. in Q.

Remark 2.1. Assumptions (2.15)—(2.17) could appear as rather technical and then
completely utopian. We thus detail a classical model for the pair moisture content-
mobility and check that it satisfies (2.15)—(2.17). The expression of the mobility
proposed by van Genuchten,?! is

k 0 by 0 1/m\ ™ 2
0= (-0-G) 7))
w\¢ ¢
where A is the pore connectivity parameter and m =1 — 1/n. The real numbers A
and n are empirical parameters. One often considers that A =1/2. The van
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Genuchten parameter n in Ref. 31 is n = 1.28. Many scenarios use n = 3. The
moisture content is expressed as

0= o1+ [ap|™) ™™,

the number « being once again an empirical parameter. For the sake of clarity, we have
written this model setting P; = —oo. One easily checks that assumptions (2.15)—
(2.17) are satisfied by this model. Note that assumption (2.17) is not as severe as it
seems since we may choose ¢ sufficiently large to satisfy it.

There is a huge literature concerning the Richards equation. We quote especially
the fundamental works Refs. 2 and 1, and the papers Refs. 19, 12, 28 devoted to the
study of the degenerate in time equation

0:0(u) — Au = 0.

In the one-dimensional case, Yin states in Ref. 33 the existence of weak solutions for
the fully degenerate equation

0,0(u) — 9,(k(u)d,u) = 0.

Yin assumed 0" > 0, &' > 0, lim,,_p, 0'(p) = lim,,_,p, &'(p) = lim,_p x(p)/0'(p) = 0
The latter assumption is comparable to (2.17) despite our existence proof is com-
pletely different from Yin’s one. To our knowledge the analysis of the latter pressure
equation coupled with a hyperbolic one was never performed. Daim et al.'* only
consider the parabolic setting of Theorem 2.1.

The paper is organized as follows. Section 3 is devoted to the proof of Theorem 2.1.
The main difficulty lies in the strong nonlinear couplings. Defining an adapted
Kirchhoff’s transform and using a double fixed point approach, we prove that clas-
sical results for parabolic equations,?! apply. In Sec. 4, we prove the existence result
for the fully degenerate setting of Theorem 2.2. Theorem 2.1 gives an existence result
for a parabolic regularization of the problem. Due to the degeneration of functions 6
and k, we then have to extract subsequences of convenient truncated solutions to
state enough compactness results to pass to the limit in the nonlinearities. We use
especially compensated compactness arguments.

3. Proof of Theorem 2.1

The problem is characterized by the coupling between pressure and concentration
and the strong nonlinearities in the pressure equation (2.1). We adopt two strategies
to overcome these difficulties. Fixed point approach is now classical for the study of
strongly coupled problems (see Ref. 17). In the present paper, we cannot follow the
lines of the fixed point approach of Refs. 3 and 13. Indeed, the nonlinearities in the
pressure equation (2.1) do not allow one to state a uniqueness result for the pressure
solution. We thus construct some “double fixed point” approach. The second key of
this proof is the use of a Kirchhoff’s transform to linearize the divergence part of the
pressure equation. Indeed, assumptions (2.3)—(2.4) are sufficient to define the
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function F by

P
Flp) = / 1 (0(s))ds. (3.1)
By (2.9), Fis a bijective application and the existence of P such that
P =F(p)

is equivalent to the existence of p solution of the original pressure problem. The
Kirchhoff’s transform of Eq. (2.1) being

(00 F)(P) + a()(0 0 F~ (P))(F) (P)O,P — AP = g, ~ g,

we are led to consider the following problem in Q:

o(e, P)O,P — AP = ¢; — g4, (3.2)
C(P)0yc + C(P)Y(F~H!(P)b(c)0,P — VP -Vc
— div(((PYD(VP)Ve) = (1 — ), (33)
VP-v; =0 onTyx(0,7),P, =F(@P) in(0,T), (3.4)
P(z,0) = F(py(x)) in £, '
¢(PYD(VP)Vc-v; =0 onTly x(0,7T), O, = C, in (0,7), (3.5)

c(x,0) =¢o(x) in Q.
We set
(e, P) = ((6" o F1)(P) +a(c)(0 o F~)(P))(F~1)'(P),
((P) = (0o F~1)(P).
Note that there is no more nonlinearity in the space derivatives of the pressure
equation (3.2). We also have

0 0
0<0’_:Z2 7§0(C,P)§Z1 ==y
Ky K

We now construct a Schauder fixed point approach (see Ref. 26). Let us define two
closed convex subsets K, and K, of L(Q) by

K, ={fe€L*Qp); 0 < f(x,t) <1 ae. in Qp},

1
P IS TA
1 J o {2200 b

the constant M, being defined in Lemma 3.1 below. Let (¢, P) such that
ceK., Pek,

Kp = {f S LQ(QT)§

We begin by considering the unique solution P of the following problem:

o(¢,P)O,P — AP = q; —q, in Qp, (3.6)
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VP-v;=0 onTyx(0,7), P, =F(P) in(0,T),

3.7
P(2,0) = F(py(z)) in 9 0
We prove the following result.

Lemma 3.1. For any fized (¢,P) in K, x K, there is a unique function P €
L>(0,T; HY(Q2)) N HY(0,T; L?(R2)) solution of (3.6)—(3.7). It satisfies

I Pl om0 + IVO—Pllror20) < C, (3.8)

el

where C and M, only depend on the data of the original problem (2.1), (2.6).

< M,, (3.9)
L2(Qr)

Proof. We begin by some a priori estimates. Assume P is a solution of (3.6)—(3.7).
We multiply Eq. (3.6) by 9,P and integrate by parts over 2. We obtain

P P|? P|?
/Q(c )10, |dm—|—2dt/|V 2da

O:F(Py) (VP -vy)ds = / (¢ — q,)0:Pdzx. (3.10)

I, )

Since P, € H'(0,T; HY/2(T'y)) and T is smooth, there exists a function Py € H(Qy)
such that ]52|F2 = P, (see for instance Ref. 24). We thus write

O, F(Py) (VP -vy)ds = — / div(0,F(P4)VP)dx

T, Q

0,F(Py)(—0(¢, P)0,P + q; — q,)dx
0

- / VP.-V(9,F(P,))dz.
Q

Using the Cauchy—Schwarz and Young inequalities, we get

OtF(Py)(VP - vy)ds

Iy

C
< (g + 1) ||P2||§11(0,T;H1/2(r2))
+6/ |0, P|*dx + C/ |V P|%dx

+1Poll 2 0,0m1/2(ry)) (||%||L2 ot ||‘Zs||L2 ) (3.11)

We also have

/ (qz - qs)ath:E
Q

We choose § = o_/4 so that o(¢, P) — 26 > o_/2 > 0. Using (3.10)—(3.12) and the
Gronwall lemma, we get the estimates announced in Lemma 3.1. Estimate (3.9)
follows from the Poincaré—Wirtinger inequality. These estimates are sufficient to
assert the existence of a solution P of problem (3.6)—(3.7) (see Ref. 21). The

c
<o [10PPar+ S alto + laliae). (312
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uniqueness of the solution is obvious since Eq. (3.6) is linear. Indeed, if P* and P are
two solutions of (3.6)—(3.7), then P = P? — P’ fulfills

o(¢,P)O,P — AP =0 in Qp,

VP-v;=0 onTlyx(0,7), P|r2 =0 in (0,7), P(z,0)=0 inQ.
Following the previous lines, we infer from the Gronwall lemma that VP = 0 a.e. in
Qp. Since B, =0, it follows that P(z,t) = Pt(x,t) — P°(z,t) = 0 a.e. in Qp. O

We now regularize P by convolution in space and time. Let ¢ € C>(R*), ¢ > 0,
with support in the unit ball such that [, (x,t) dzdt = 1. For 1 > 0 small enough,
we set 1, (z,t) = P(x/n,t/n)/n*. We extend P outside Qr, keeping the same nota-
tions for convenience: we now have P € L>(R; H'(R?)) N H!(R; L?(R?)). We then
define P by

P = Py, * P.

We denote in the same way its restriction to Q. It satisfies P € C ©(Qr), and as n
tends to zero

P — P strongly in H'(0,T; L*(Q)) N L(0,T; H*()).

In Egs. (3.3), (3.5), we replace P by P. As in Ref. 17, we also regularize the mech-
anical dispersion term. The tensor D(VP) is replaced by D(VP /(1 + n|VP])). The
components of this tensor belong to L> (7). The dominated convergence theorem
gives

D(VP/(1+n|VP|)) — D(VP) strongly in (L*(Q7))*® asn— 0.

We then consider the following regularized problem in ;.

0(C(P)en) = C'(P)ed, P+ ((P)(F 1) (P)b(c")d, P — VP - Ver
— div(¢(P)D(VP)Veh) = g;(1 — e), (3.13)

C((P)YD(VP)Vch-v; =0 on Ty x (0,T), ¢l =Cy in(0,7T),

c(z,0) =cox) in Q. (8.14)

We recognize a slight modification of (3.3), (3.5). We simply used the decomposition
C(P)0ye = 04(¢(P)c) — ¢'(P)coy P in order to get the first estimates for ¢ despite the
nonlinearity in front of the time derivative. We claim the following result.

Lemma 3.2. For any n >0, there exists a unique function c¢" in L%®(Qp)N
L2(0,T; HY(Q)) solution of (3.13)—(3.14). It satisfies the following uniform estimates:

0<cz,t) <1 ae in Qp, (3.15)
IK(P)e" |~ o7:22)) < C, (3.16)

1022 aormniay < C, 1102 VP)YV2Ve| 120y < C- (3.17)
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Proof. For the existence of a solution ¢” to the parabolic problem with smooth
coefficients (3.13)—(3.14) we refer to the classical textbook Ref. 21, pp. 178—179. In
the present proof, we just present the key a priori estimates. An essential step is
stating the maximum principle (3.15) for the concentration solution ¢”. In the proof
below, the regularity of P is essential. But since the maximum principle (3.15) does
not depend on 7, it will remain true after the suppression of the regularization. Let us
show that ¢’(c,t) > 0 almost everywhere in Qp. We set ¢ = sup(0,—c"). We
multiply Eq. (3.13) by ¢(P)c” and integrate by parts over Q. Bearing in mind that
cl|p, =0, we get

2dt/|c 7I|2da: /C 3P\c”|2d1‘ /C -VCZ)dx
/ ¢(P D(VP)Ve' - Vel dr + / C(P)C'(P)c"D(VP)Ve" - VPdx

—/qu-c’ldx—l—/gqi|c’l|2dx. (3.18)

Note that the term containing b is omitted because b is extended by zero in R_. Using
Cauchy—Schwarz and Young inequalities, we write the following set of estimates

CH(P)C(P)O,Ble |2 dz| < CP|leran) / e |2 de,
Q Q

C(P)e" (VP -Ve')da
Q

< 5/ |v15||vcz|2dx+%/\vﬁ||c1|2dx
Q Q

< 5/ |VP||Vc! |2 da
Q

C -
+ S 1Pl [ e da,
Q

)D(VP)Ve" - Vel dx > 9%/ (D,, + ap|VP|) Vel |? dz,
Q

o

¢(P)¢(

Q

c( )¢'(P)c"D(VP)Vel - VP da

< 5/ |VP||Vc" |2 da
Q
2
—I—M/WPMC’IPCM
6 Ja
< 5/ VP|[Vel |2 da
Q

C -
+ S 1P [ 17
Q

/qicri dz > 0,
Q
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for any 6 > 0. We thus infer from (3.18) that
5 dt/ C(P)c"|? da +/ ((620ar —26)+6°D,,)|VP||Vc! |* dx
< COIPlevan) [ 11 do < - ClIPllexan) [ IC(P)C! 2 do.

We choose 6 > 0 such that 8%« — 26 > 6, > 0. We then apply the Gronwall lemma.
Since ¢ (z,0) = 0, it gives (((P)c")(x,t) = 0 almost everywhere in Q. Bearing in
mind that ¢ is a non-negative function, we conclude that ¢”(z,t) =0 and thus
¢"(z,t) > 0 almost everywhere in Q7. Noting that Eq. (3.13) can be rewritten as

9 (C(P)(e" = 1)) =¢"(P)(e" = 1)0,P + ((P)(F~1) (P)b(c")d, P
— VP -V(c"—1) —div(¢(P)D(VP)V(c" — 1)) = ¢;(1 — "),

we prove that 1 — ¢"(x,t) > 0 almost everywhere in Q7 by similar computations. The
L% estimate (3.15) is established.

Knowing (3.15), the proof for (3.16)—(3.17) is easier. Assume ¢" is a solution of
(3.13)—(3.14). We multiply Eq. (3.13) by ¢” and we integrate over Q2. Integrating by
parts, we obtain

2dt/< )e"|? dz — - /C <9P|C"|2d37+/b(c")C”C(P)(F*l)'(lt’)3t15
/(VP V) c”da:—I—/C D(VP)Vel - Ve dz
Q

Cy(C(F(Py))D(VP)Vel - vy) ds = /qi(l — M d. (3.19)

Ty Q

We already know that ¢” is uniformly bounded in L*(€Q7) and P is uniformly
bounded in H(0,T; L2(2)) N L>(0,T; H*(£2)). So most of the terms in (3.19) are
straightforward estimated using the Cauchy—Schwarz inequality. We only detail the
computations for the I';-boundary term. Since Cy, € L2(0,T; H'/?(T';)), there exists a
function C', € L2(0,T; H(2)) such that C~’2|1,2 = (. We thus write

/ O, (C(F(Py))D(VP)Vel - vy)ds = / div(Cy((P)D(VP)Ven) dx
/ Codiv(¢(P)D(VP)Ven)da + / C(P)YD(VP)Ven -V Codz.  (3.20)

We now estimate the terms on the right-hand side of Eq. (3.20). On the one hand,
using the Cauchy—Schwarz inequality, we write

¢(P)D(VP)Ven -V Cydz
)

< C||IVP|V2V e 2 I VP2V Coll 1))
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On the right-hand side of the latter relation the first term is controlled by the
dispersive term in (3.20). The L?(0,T)-norm of the second one is uniformly bounded
by a constant because |VP|Y? is uniformly bounded in L°(0,T;L*(Q)) and
VC, € L2(0,T; L2(Q)) € L2(0,T; L43()). On the other hand, we use Eq (3.13)
and write

Codiv(¢C(P)D(VP)Ven)de = | Col(P)scda
0 Q

+ / Co C(P)(F~1)(P)b(c")d,Pdzx — / Co (VP - Ven)da
Q Q
- /02612‘(1 —c")dx.
Q
The estimates of these terms are obvious, with in particular
Col(P)oerds = [ B(Cot(P)er)de — [ 0, (Cat(P)da,
Q Q Q0

with Cy € H(0,T;L2(€2)) and (¢”, P) uniformly bounded in (L>(0,T; L%(Q)))2.
Then, using the properties of the diffusion tensor D and the Gronwall lemma, we infer
from (3.19) that Ve” and |VP|Y2Ve? are uniformly bounded in (L2(Q7))3. We
finally consider briefly the question of the uniqueness of the solution of (3.13)—(3.14).
If we assume that there exists two solutions ¢ and ¢, the function ¢ = ¢* — ¢” is such
that

01 (C(P)e) = ('(P)ed, P + ((P)(F~)(P)(b(c) = b(c"))d, P — VP - Ve
— div(¢(P)D(VP)Ve) = —gc, (3.21)

((PYD(VP)Ve-v; =0 onTy x (0,T), ¢
c(x,0)=0 in Q.

., =0 in(0,7),

(3.22)

The function b being Lipschitz, we prove that ¢ = 0 by multiplying (3.21) by ¢((P)e,
by integrating by parts over 2 and by using the Gronwall lemma as in the proof of the
maximum principle for ¢”. O

Lemma 3.3. (i) The sequence (c") is sequentially compact in L?(Qr).
(i) The solution P of problem (3.6)—(3.7) lies in a compact subset of K.

Proof. Let V be defined by V = {f € W4(Q); fr, = 0}. We multiply Eq. (3.13) by
€ L2(0,T;V) and integrate over ;. Some computations yield to

(0:(C(P)e™), ) 120 r20m) | < ClI20.0v)-

So the sequence (9;(¢(P)c")) is uniformly bounded in L%(0,7;V’). We note that
HY(Q) C L*(Q) = (L%(Q))" C V', the first embedding being compact. We conclude
with the estimates of Lemmas 3.1 and 3.2 and an argument of Aubin’s type (Ref. 29,

Corollary 4) that the sequence ({(P)c") is sequentially compact in C(0,T; L2(9)).
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On the other hand, (P) is uniformly bounded in H*(0,T; L%(Q)) N L>(0,T; H'(2)).
Function (P) and then (P) thus lie in a compact subset of K. Since furthermore
¢(P) > 60_ > 0, we conclude that (¢") is sequentially compact in L?(27). The proof is

done. |

Thanks to the existence and uniqueness results of Lemmas 3.1 and 3.2, we define
the mapping 7 : K. x K, — K. x K, by

T (e, P) = (", P).

Lemma 3.4. The mapping T admits a fized point denoted (¢, P").

Proof. We deduce from Lemma 3.3 that the image 7 (K, x K,,) of the closed convex
subset K. x K, is compact in K, x K. It remains to state the continuity of the

mapping 7. For this purpose, let (¢,,, P,,) be a sequence of K, x K|, converging
strongly in (L2(Q7))? to (¢, P). We define P,, solution of

J(Ema pm,)atpm - APm =4q; —Ys in QTa
VP, -1y =0 onTyx(0,T), Py, =F(P) in0,T),
Pm(m70) :F(p()(.’lj)) in Q.

In view of Lemmas 3.1 and 3.3, there is a subsequence, not relabeled for convenience,
and a function P € L>(0,T; H*(Q)) N H(0,T; L*(Q)) such that

P, — P weakly in L2(0,T; H'(Q)) N H'(0,T; L?(Q)) and a.e. in Qyp,
and P is a solution of

o(¢, P)o,P — AP = q; —q, in Qp,
VP-v;=0 onl;x(0,7), Ph,2 =F(P,) in (0,7), P(z,0)=F(py(z)) in Q.
Due to the uniqueness of the solution of this problem, the whole sequence (P,,)
converges to P. We use a compensated compactness argument to get a strong
convergence result for the pressure gradient, in view to pass to the limit in the
nonlinearities of the concentration equation. Let A,, = (0;P,,VP,) and
B,, = (0,VP,,). These vectors are both uniformly bounded in (L?(Q7))* We also
have uniform bounds in L?(€;) and then compactness results in (H'(Q7))’ for curl
A,, = 0and div B,, = 0(¢,,, P,,)0,P,, — ¢; + q,. By the div—curl lemma,***° we thus
assert that

AmBm — AB in DI(QT)a

where A,, — A= (0,P,VP) and B,, — B=(0,VP) weakly in L%*(Q7). We
conclude that

VP, — VP in (L2(Qp))* (3.23)
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It also follows that VP,, converges to VP in (L2(Q))3. Let then ¢}, be the solution
in Qp of
at(g(pm)cgn) - C/(pm)cynatpm + C(Pm)(F_l)/(Pm)b(C;,n)atpm - vﬁ)m ! vcgﬂ
= div(¢(Pn)D(VP ) Ven) = gi(1 = ch),
C(Pm)D(vpm)VCZl vp=0 onlyx (OvT)7 C:HI‘Q =Cy in (OaT)a
cm(x,0) =cy(z) in Q.
In view of Lemmas 3.2 and 3.3, we can extract a subsequence, not relabeled for
convenience, (c;,) converging strongly in L?(Qr) and weakly in L2(0,T; H'(Q)) to a
function ¢”. Using in particular the strong convergence (3.23), we check that ¢ is
solution of problem (3.13)—(3.14). Furthermore, due to the uniqueness of the

solution of (3.13)—(3.14), we ensure that the whole sequence (cy,) converges to ¢ as
m — +00. The mapping 7 is continuous, and this completes the proof. O

We collect the results obtained in the previous lines. We can associate with any
real number 7 > 0 the fixed point (c¢”, P") € K. x K, of the mapping 7. It is a
solution of the following system in Qp:

o(c", PM0,P" — AP" = ¢q; — q, in Qrp, (3.24)
VP".-y; =0 onT; x(0,7), P‘Z =F(P) in (0,T),
P(z,0) = F(po(x)) in €,
A (C(P")en) = ¢! (PT)end, P + ((P)(F =) (PM)b(cm)d, P"
— VP".Vei — div(¢(P"YD(VP")Ver) = ¢;(1 — ¢), (3.26)
C(P"YD(VP"\Ve-v; =0 on Ty x (0,T), ¢l =Cp in(0,7),
c¢(x,0) = ¢o(x) in Q.

(3.25)

(3.27)

We recall that P" = 1, * P. We can get similar uniform estimates for (c”, P") than
the ones derived in Lemmas 3.1 and 3.2. In particular, we recall that by con-
struction 0 < ¢(z,t) <1 almost everywhere in Qp. The estimates of Lemma 3.2
are thus straightforward. We thus assert the existence of limit functions P €
L>(0,T; L2(Q)NHY(0,T; L%()) and ¢ € L>(Qp) N L2(0,T; H()) such that
(for extracted subsequences)

P, P" — P weakly in L2(0,T; HY(Q)) N H'(0,T; L%(R)) and a.e. in Qy,
VP1,VP" - VP in (L%(Qr))® and a.e. in Qr,
¢’ — ¢ weakly in L%(0,T; H'(Q)), strongly in L?(Q7) and a.e. in Qp.

The strong convergence of the pressure gradient VP" is proved in the same way as
the convergence (3.23) of VP, in Lemma 3.4. Letting n — 0 in (3.21)—(3.25), we
state the existence of a weak solution (P, ¢) of problem (3.2)—(3.5). We end the proof
by considering the inverse Kirchhof’s transform to turn back to problem (2.1)—(2.2),
(2.6)—(2.7). The proof of Theorem 2.1 is achieved.
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4. Proof of Theorem 2.2

We now aim to prove the existence result for the fully degenerate problem of
Theorem 2.2. From Theorem 2.1, we can assert that there exists a weak solution
(p?, ¢°) of the following parabolic regularization of the problem, for any ¢ > 0:

0,0°(p°) + 0°(p®)a(c®)0,p® + div(u®) = ¢ — q5, u® = —r°(6°(p°))Vp°, (4.1)

0°(p°)yc” + 0°(p)b(c*)0yp® + u - Ve — e°div(0°(p°)D(u”)Ve?)
= qi(l - Cs)? (42)

u® vy =0 onlyx (OvT)a pi} =P in (OaT)v pg(l‘,O) :po(fl‘) in €2, (43)

0% (p°)D(u)Vee-v=0 onI x(0,T), c*(z,0)=cy(z) inQ, (4.4)
where
0°=0+¢c", K°=r+er (4.5)
The parameters ¢ and A are chosen such that
P, P,
i XFa ) o gy Ot e)
e—0 5)‘ e—0 6)‘
0<A<e. (4.6)

Assumption (4.6) is a precision for (2.16).

We prove in this section that an extracted subsequence of solution of problem
(4.1)—(4.4) weakly converges in some sense to a solution of problem (2.11)—(2.14)
under the assumptions of Theorem 2.2.

We begin with some uniform estimates. We choose £ < g, so that, due to (2.15), &
is an increasing function in (0, ). Then, for the pressure, we derived the following
uniform estimates in Sec. 3 (see Lemma 3.1):

I(V/(B(p°) + 0'(p°) + &) (s(6° (p°)) + £2) 10 [l 120 < C, (4.7)
1(£(0(p%)) + ") VD (L~ 072002 < C- (4.8)
By construction, function c¢€ is a physically admissible concentration, that is

0<c(z,t) <1 ae. in Qp. (4.9)

We define the limit concentration ¢ € L>(7) such that 0 < ¢(x,t) < 1 a.e. in Qp by
c¢® — ¢ weakly % in L>(Qrp). (4.10)

We then multiply Eq. (4.2) by e*c® and integrate by parts. It is similar to the
computation done in (3.19). Using estimates (4.7)—(4.8), one checks that

||\/€>‘+605(p5)(Dm + CVT|QE|)VC€H(L2(QT>)3 <C. (411)

Assumption (4.6) ensures that (A+¢)/2 <¢. Thus estimate (4.11) proves that
the divergence part div(e0¢(p®)D(uf)Vce) of the concentration equation (4.2)
disappears when passing to the limit ¢ — 0.
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Functions 6, " and & o 0 are null in (—oco, P;) and we cannot ensure that p(z,t) >
P; a.e. in Q7. Thus estimates (4.7)—(4.8) are completely useless in a potentially
important part of the domain. To exploit (4.7)—(4.8) we introduce a convenient
truncature function. First let G be a primitive of the function v/( o 6):

pE
G(p°) = / VO(s)(ko0)(s)ds. (4.12)
In view of (4.7)—(4.8), function G(p?) is uniformly bounded in H!(Q7). We thus
define the limit function G such that
G(p°) — G in L*(Qp) and a.e. in Q.
We then define the truncature function Tp, by

Pdw_ Pd lf.’E<Pd

Let
t* =Tp (p°). (4.13)
By definition of 6, G and Tp,, we note that
9(p°) = G(Tp,(p°)) = G(t7)
and the latter convergence result reads
G(t*) — G in L*(Qp) and a.e. in Q. (4.14)

Function G is of course not bijective in (—oo, P;). We thus consider a bijective
continuous extension G of G, (pyy 1O R. Setting

t=6'(G), (4.15)

we have G(t?) = G(t°) — G =G(t) in L%(Qy) and ae. in Qp. Function G being
continuous and bijective, we conclude that

t°=Tp(p°) —t in L*(Qr) and a.e. in Qp. (4.16)

Since 6°(p®) = 0°(Tp,(p%)) = 0°(t°) = 0(t°) + & and 0'(p) = 0'(t*), with 6 € C}(R),
we also have

0% (p®) — 0(t) in LP(Qp) Vp < oo, and a.e. in Qp, (4.17)
0'(p®) — 6'(t) in LP(Qr) Vp <oo, and a.e. in Qrp, (4.18)
0’ (p*)0,p° = 0,(0(p°)) — 0'(t)0st  weakly in L%(0,T; H1(Q)). (4.19)

For the limit behavior of the Darcy velocity, we write (ko 8)(p®)Vp® =
V(F(t?)) — V(F(t)) = F'(t)Vt, the continuity of the function F deriving from the
one of # and k. It means

u® = —(k°00%)(p)Vp® —u = —(kof)(t)Vt weakly in (L*(Q7))3.  (4.20)
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Now, we state some compactness result for a weighted Darcy velocity. Let
@ = max(q, 1), ¢ being defined by assumption (2.17). Let H® = jp ((k® 0 6%)(s))%s.
We have

curl(VH®) = 0.

Using Eq. (4.1) and estimate (4.7), the first line of assumption (2.17) and estimate
(4.8), we easily check that

div(VHE) = — (s 0 6°)(p)) @ Ldiv(u?)
+(Q = 1)((K° 0 0°)(p°)) 920" (p°) (K" © 6°) (p°) K= (6° (p°)) V*
-k5(0°(p°)) Vp©
is uniformly bounded in L2(0,T; L'(€2)). Function VH?® = ((k° 0 6°)(p®))9Vp* is
thus uniformly bounded in L2(0, T; W11(Q)). Differentiating in space equation (4.1),
we obtain

0u((x° 00 05p) + 7 (722 N0 i)

_ of (k50 6°)(p?))<
= V(m (@ — QS)>'

The boundary conditions completing this equation are easily derived from (4.3).

Using once again assumption (2.17), we check that the latter relation implies that

9, VH? is uniformly bounded in L2(0,7T; H1(Q)). By a compactness argument of

Aubin’s type, we conclude that VH* is sequentially compact in (L*3(2;))? and then
in (L%(Qr))3. We write

(%0 0°)(p*)®Vp® — (k0 6)(£))?VE in (L*(Qr))*. (4.21)

We now have to differentiate the proof between two cases: the case where z; # 2z,

and the one where z; = z,.

Assume z; # zy. We can rewrite Eq. (4.2) as
01(60°(p®)c®) + 210°(p®)c*0yp* + div(u®c®)
— etdiv(0°(p°)D(u®)Ve) = g; — c°gy, (4.22)
and if z; # z,, we rewrite it as

z

E(mEN,E) E (€ ef(nEN/ e _ 1 . e

9,(0°(p*)c?) po— (21200°(p°) + 210°(p°)")Osp po— div(u®)
+ div(utc®) — eediv(0° (p°)D(u)Vee) = ¢; — ¢, — zl%. (4.23)

1 %

We apply the div—curl lemma to the vectors

A = <05(p5)05 -

21

(200 26),

u® ute sﬂe%pfm(uf)wa) ,
Zl — 2'2
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where OF° is a primitive of function 6¢, and

B* = (((k%007)(p%)) %007, (57 0 0°)(p)) “ V7).
These vectors are uniformly bounded in (L?(Q7))*. Moreover, div A = ¢; — c®q, —
21(q — q5)/ (21 — 29) (because of (4.23)) and curl(B¢) = 0 are uniformly bounded in

L%(Qr) and thus compact in H ~}(Q7). Thus we can pass to the limit in the product
(A¢, Bf). We get

0°(p®)c* (k7 0 6°)(p®)) ,p° — (212207 (p%) + 210 (p°)) (K% © 0°) (p)) “Op°

21— 22

+ (_ 21 Qe Jrﬂscs _ ecas(ps)p(ya)vce) ((fie ° 95)(p5))vae
21 — Z9

— 0(0)e((5 0 0)(£) 20,8 — —— (220(8) + 20(6)) (v (1) 01t
' (— —us g%wcf)) (0 0)(£)) @V (1.24)

in D'(Qr). We have denoted by lim. y(u°c®) an adherence value of (u°c®) in weak-
L%*(Qr). Using (4.16), we know that O¢ (resp. %) converges a.e. to O (resp. 0) in Q.
Thus, we have

1

21— %2

(2120%(p%) + 210°(p°)) (k7 0 67) (p)) Orp°

—

(21220(t) + 210(¢)) (5 0 0) (1)) 0yt

21— 2

in L2(Q7). Using (4.21), we know that

(‘ e L 6”95(p5>9<f>vcg> (5 0 6°)(p°)) @ Vp*
17 <2

A<— o limue) ) (50 0)(0) OV

2 — 2 e—0
in L1(Qr). We thus infer from (4.24) that
0% (p*)ct ((k° 0 0°)(p?))20,p° — O(t)c((k 0 0) ()90t weakly in L2(Qp). (4.25)
Let & be the weak limit in L2(0,T; H-1(Q) of 0°(p®)cfd,p°. We aim to prove that
& =0(t)co,t. With (4.25), we assert that
(50 0)(£))2€ = (1 0 6)(8))? (x)cDyt. (4.26)
It already means that £ = 6(t)co,t if t > P;. We also know that

O(P;+¢
i<y 0°)e 07| < 0P, +2)e D] = ey LTS

)

where €*|c*9,p?| is uniformly bounded in L?(Q7) (see (4.7)). Thus by assumption
(4.6)

Xip-<pe}0°(p°)c0p® — 0 weakly in L*(Qr). (4.27)
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Using (4.26)—(4.27), we conclude that £ = 6(t)cO;t, that is
0°(p°)c0,p° — 0(t)cO,t  weakly in L?(0,T; H 1(Q)). (4.28)
Similar computations let us prove that
uc® — uc weakly in (L%(Qg))3. (4.29)
We have sufficient results to pass to the limit € — 0 in Eqs. (4.1) and (4.23).

Assume z; = z,. Here the pressure equation is somewhat less coupled with the con-
centration’s one. Indeed, it writes

(0" (p7)" + 210°(p°))0yp° — div(k°(0°(p°))VD®) = ¢; — qs-

With (4.16)—(4.20), we can pass to the limit in the latter equation. Then, we write
the weak formulation of the latter equation for the test function x°(6°(p°))0,p¢, and
the weak formulation of the corresponding limit equation for the test function
—£(0(t))0st. Summing up these relations, we conclude that

K07 (0) V20 () 007 — k(0(8))20(6) 2Oe i DA(Qr),  (430)
K9 (6°(p°)) V207 (p) 207 — w(O()) P00 20 i LAQp), (431)
u® = —k°(0°(p°))Vp® — u = —k(0(¢))Vt in (L2(Qp))>. (4.32)

We then aim to pass to the limit in the formulation (4.22) of the concentration
equation recalled below:
0,(0°(p°)c®) + 2,0°(p°)c0,p° + div(u®c®) — e°div(6°(p°)D(u®)Vce) = g;.

The difficulty is once again to pass to the limit in the term 0¢(p®)cd,p*. Let £” be the
weak limit in L2(0,T; H1(Q)) of 8°(p®)cd,p®. By (4.17), (4.31) we claim that

V(K0 0)(£)€ = /(k 0 0)(£)0(t)cd,t.
The latter relation is similar to (4.26). Moreover, (4.27) remains true. We thus
recover (4.28).

Finally, whenever z; # 2, or z; = 2y, we have proved that the pair (t,c) defined
by

c¢® — ¢ weakly x in L*®(Qy),
Tp,(p°) — ¢ in L*(Qr),
satisfies
9,0(t) + 0(t)a(c)dpt + div(u) = ¢; — g5, u = —r(0(¢))Vt,
0(t)0ic+ 0(t)b(c)Ost + u - Vc—q( )
u-vy =0 onT;x(0,T), ), = Tp,(P,) in (0,7,
+(2,0) = Ty, (po) (&) in O,
c(x,0) = ¢o(x) in Q.

Theorem 2.2 is proved.
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