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Abstract We consider the evolution of a reactive soluble substance introduced into the Poiseuille flow in
a slit channel. The reactive transport happens in presence of dominant Péclet and Damkd&hler numbers. We
suppose Péclet numbers corresponding to Taylor’s dispersion regime. The two main results of the paper are
the following. First, using the anisotropic perturbation technique, we derive rigorously an effective model for
the enhanced diffusion. It contains memory effects and contributions to the effective diffusion and effective
advection velocity, due to the flow and chemistry reaction regime. Error estimates for the approximation of the
physical solution by the upscaled one are presented in the energy norms. Presence of an initial time boundary
layer allows only a global error estimate in L? with respect to space and time. We use the Laplace’s transform in
time to get optimal estimates. Second, we explicit the retardation and memory effects of the adsorption/desorp-
tion reactions on the dispersive characteristics and show their importance. The chemistry influences directly
the characteristic diffusion width.
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1 Introduction

‘We consider the evolution of a soluble substance introduced into the Poiseuille flow in a slit channel. In fact,
this problem could be studied in three distinct regimes: (a) diffusion-dominated mixing; (b) Taylor disper-
sion-mediated mixing; (c) chaotic advection. We focus our analysis to regime (b), corresponding to dominant
Péclet’s numbers, but smaller than a threshold value. The dispersion is due to the combined action of con-
vection parallel to the axis and molecular diffusion in the radial direction. In the fundamental paper [20],
Taylor found an effective axial diffusivity, proportional to the square of the transversal Péclet number and
occurring in addition to the molecular diffusivity. When Taylor’s effective dispersion is used in the 1D model,
obtained by section averaging, as the effective diffusion coefficient, then the numerical experiences show good
agreement with the solution of the complete physical problem (see, e.g. [13]). But despite a large literature
on the subject, rigorous mathematical justification of the one-dimensional model from the multidimensional
model was seldom addressed, especially in the presence of chemical reactions. This is the first goal of the
present paper, continuing the research from the articles [10,13,16,17]. Note in particular that we obtain error
estimates depending explicitly on the small parameter ¢ = H/L g, H being the transversal length of the pipe
and L being the observation distance.

The second goal of this paper is the analysis of the chemical effects. It is assumed that adsorption and
desorption reactions occur on the walls of the channel. We consider a linear driving force model with a finite
kinetics and a linear isotherm. Dominant Péclet and Damkdohler numbers are supposed. We explicit the influ-
ence of the chemical kinetics on the dispersive effects. Furthermore we prove that the effective model, despite
being derived from the conventional diffusive Fick law at the microscopic level, exhibits enhanced diffusive
effects. Thus we show that observed memory effects and augmented diffusion and transport could be rigorously
derived from the first principles, in the regime of dominant Péclet and Damkdohler numbers.

We end this section with some references. In the absence of chemical reactions, Aris [2] presented a formal
derivation of an effective equation using the method of moments. Flow with chemistry is considered by Paine
et al. [18]. They noted that the equation for the difference between the physical and averaged concentrations is
not closed, since it contains a dispersive source term % (g ). For its determination one should go to the next
order and in fact there is an infinite system of equations to solve. Paine et al used the “single-point” closure
schemes of turbulence modeling by Launder to obtain a closed model for the averaged concentration. With
this approach they obtain effective equations which qualitatively look like the corresponding model obtained
formally by the two-scale expansion in [13]. Nevertheless, the coefficients in their equations contain four
unknown parameters and they are fixed by requiring that the model fits the experimentally observed zero,
first and second order moments of the area-averaged concentrations and of the adsorbed species concentra-
tions.

The recent paper [3] by Balakotaiah et al. uses formally the center manifold approach. It is a continuation
of work by Mercer and Roberts (see [15]) on Taylor’s dispersion. Balakotaiah et al obtained a whole scale of
effective models for reactive fluid flows through a tube, corresponding to the ones obtained by our approach.
More recently, Balakotaiah et al. obtained in [4,5,9] non-parabolic models, being formally at the same order of
precision. Other derivation of non-parabolic models, using statistical physics approach is in the papers [6—8]
by Camacho.

Our technique is different. It is strongly motivated by the paper by Rubinstein and Mauri [19], where
effective dispersion and convection in porous media is studied using the homogenization technique. We use a
two-scale expansion based on anisotropic singular perturbation and control the error in energy.

Plan of the paper is as follows: in Sect. 2 we give the precise setting of the problem. Its non-dimensional
form is derived. Then we present the effective problem in its non-dimensional form and the main result of
the paper, with the error estimate for the approximation of the non-dimensional physical concentration by the
non-dimensional upscaled one. Finally, the effective problem in its dimensional form is given. In Sect. 3 we
recall some facts about the vector-valued Laplace transform and write the Laplace transform of our problem.
Sect. 4 is consecrated to the rigorous derivation of the effective problem and its analysis. In Sect. 4.1 we recall
the formal derivation of the effective problem. In Sect. 4.2 existence, uniqueness and estimates explicit in ¢
for the solution to the effective problem are obtained. It is immediately used in Sect. 4.3 to obtain the error
estimate. We conclude with Sect. 4.4, where we make the inversion of the Laplace transform and derive the
effective equation in its non-dimensional form.
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2 Setting of the problem and main result

Let us write the precise setting of the problem. We consider the transport of a reactive solute by diffusion

and convection by Poiseuille’s velocity in an infinite 2D channel. The solute particles do not react among

themselves. Instead they undergo an adsorption process at the lateral boundary. For a general discussion on the

modeling adsorption processes in porous media we refer to [12] and [14]. Here we consider a linearized case.
We consider the following model for the solute concentration ¢*:

(a) transport through channel 2* = {(x*, y*) : x* € R, |y*| < H}

ac* e dc* D* 32c* D* 3%c* 0 in0* )
— —_—— —D*—— =0 in 2%,
are IV gy 9(x")2 3(y*)2

where ¢(z) = 0*(1 — (z/H)?) and where Q* (velocity) and D* (molecular diffusion) are positive constants.

(b) reaction at channel wall I'* = {(x*, y*) : x* € R, |y*| = H} linking the solute concentration c* and the
adsorbed species surface concentration c;:

e *
— D*dyect = Ci =k (c* _ C—*) on I'*, 2)
at K;

where £ is the adsorption rate constant (velocity), K is the linear adsorption equilibrium constant (length),
the constant desorption rate being characterized by &}/ K. These quantities are all positive real numbers.

(c) initial infiltration with a mollified Dirac pulse of water containing a solute of volume concentration ¢,
and the adsorbed species surface concentration ¢y

(x*, ¥, 0) = cgo(x), i (x*,0) = cjr(x™), 3)

where ¢, € CP(R), ¢y = 0 and ¢, € Ci°(R), ¢}, > 0. Following Taylor’s example (B1) (see [20, page
192]), we can take as cgo the mollified Dirac measure of mass M, concentrated at x = 0.

We now introduce appropriate scales. The obvious transversal length scale is H. For all other quantities
we use reference values denoted by the subscript R. Setting

c* C: x* y* =
c=—,c = ,X=—,y="—7,1= )
CR CsR LR H TR
Q* D* k* K* @)
Q = > D = /> kS = _S9 Ke == ¢ )
Or Dg ksr Ker

where L is the “observation distance”, we obtain the dimensionless equations

%Jer;?Q(l—yz)g—;—ngRD%—DIgRD%=0 in 2 5)
and
- %2—; - 3{—2% - ksts(cRc - KZSIQR cs) onT, 6)
where
2=Rx(-1,1) and I'=Rx{—1,1}. )

The equations involve the time scales:

T = characteristic longitudinal time scale = %,

.. . 2
Tr = characteristic transversal time scale = g—R,



128 C. Choquet, A. Mikelié

Tpe= characteristic desorption time scale = Ilfglf s
s

CsR
CRKsR’
H

Treact= superficial chemical reaction time scale = e
)

T4 = characteristic adsorption time scale =

and the non-dimensional numbers

Pe = LIZ)%R (Péclet number),

Da = TjéR (Damkohler number).

We fix the reference time by setting 7 = 77. We define a small parameter by ¢ = % and suppose that

Pe = ¢7%, 1 < a < 2. Furthermore, we assume that K,g ~ H, and % = HD%RS = 0(82_“) = &2 Pe,
being small. The time scales Tp., T4 and 17, are supposed to be of the same order. We note that this implies
Damkohler’s number of order one, which means that one should take care simultaneously of the flow and of

the chemical reactions. Introducing the dimensionless numbers in Egs. (5) and (6) yields the problem:

act +od 2) act D aa%s +D a_za%f in @ x (0.7) ®)
— —y°)— = D¢ e in 2 x (0, T),
ot Yo% ox2 9,2
dct Ty 9cE T Ty ¢
_pee288 _ TA %S Ty e ZA S ) onrt x (0.7), )
dy Tp. ot Tpe Tpe K,
c®(x,y,0) =coo(x), c(x,0) =cs(x) onR, (10)
a e
ai(x,o, 1) =0 for(x,7) R x (0, T). (11)
y

The latter condition results from the y-symmetry of the solution. Furthermore
Q=Rx(0,1), I''=Rx{l},

and T is an arbitrary chosen positive number.

We study the behavior of the problem (8)—(11) as ¢ N\ 0, while keeping the coefficients Q, D, k; and K,
all O(1). We prove that the corresponding upscaled problem in R for the effective concentration cgff is the
following:

t

T, 2 . T; \* 1

atcgff + _Lkscgff + _ancgff _ Da)%xcgff _ _Lks _ / e—TLks(t—é)/(TDeKe)cgff(,7 £)de
TDe 3 TDe Ke 0

t

2

_ema L (TL AT e Tiks /efTLks(P&)/(Tueke)cgff(.,5)d,§
3D TDe TDeKe

0

t
TLks 2/ ~Tpk (=€) /(TpeKe) off 40 T, >
s efle) (p . d = k o
+ (TDeKe) ¢ (t =8 -, 5)dE * 45D Tpe

t

Tpk
% axcgff _ _ALRs /e—Tka(l_S)/(TDeKe)8xcgff(.7é—')dé—'

Tp.K.
0
TaT, 2
= TATL g Tk /(TocK 45% Q2-a
TDeKe
+ IATLks €0 —rpin ek [3D y Itks o (—TLkS ‘— 1)] . (12)
T/%eKe 3D TDe TDeKe

Note that the chemical reactions on the walls produce complicated memory terms.
In fact we prove in Sect. 4.3 the following result, justifying rigorously the validity of the effective equa-
tion (12).
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Theorem 1 Let2 > o > 1 and let Ta = Tpg ~ Ty. Assume that cqp, cs0 € C5°(R). Let ¢ be the solution
6 lr=0 = coo.

S ARG Y e L )2
s€o s
Tpe Tpe

Then we have
ﬁ_ﬁ_i gocefl _ 8
0 D \6 2

for (8)—(11) and c(e)f fen 1(R+; H2(R)) the solution for (12), satisfying the initial condition c,
_ ( T

t
TAT
/ e TLki =6/ (ToeKO6ll (1 g)q — A ; Cw(x)eTkal/(TDeKe))
DE™¢ L2(2x(0,T))
(13)

1
X —

e

0
lleooll 3y + llesol 2y - V6 € O, 1),

< Ce@®)(3-28)/2-9) (
It remains to return to the dimensional form. We kept the order one quantities Q, D, ky; and K, just to be able
to return to the dimensional form. Now we set them to be equal to one, i.e. we impose Q* = Qg, D* = Dg,

= K¢g.
8 ) a2ceff
) a(x*)Z

Using that T =~ Tpg =~ T4 and K.g & H, we obtain for the basic dimensional effective concentration
—— Pe7

k¥ = kg and K}
945

¢®T the following equation:
t*
3Ceff k;k off 2 *3Ceff k;k 2 K (r* *
o o Bs “ox = Zs —kS =8/ K et eyag — D* (1
o Tx:C T3¢ 9w (K:) /e 8 (+
1 I " ook (K K\ o
——Per Dap——= | ¢ —i—/e_S TS Re (—V) (" =& —2-= ) (-, §)dE
K; K / K; K;
t*
4 H * off k5 KA —E)/K* o off
+EK_e*PeTkS 0yC —K:/e s edyc (-, &)dE
0
Cs0 H k;k % —k%l*/[(* 4 k;k H
(—t —1 +e € EK—:K—:PET BxCS(), (14)

k* * ok * C 1

— _Se_k,\'t /Ke LO + —PeT DaT__

K Ky 3 KX K}

where the transversal Péclet et Damkohler numbers, Per and Dar are given by
ks

*H
and DaT = a

Per =

H

Corollary 1 Under the assumptions of Theorem 1, the dimensional effective concentration reads
N
H

1(y*\2 1
12

el (¥, y*, %) = T (x*, %) + HPerd, ™ (x*, 1) (6
11 /y*\° H o
R A e eff (o xy M —ki(t*—&)/K} eff 1 %
(6 Z(H))PETDGTK;" ¢ (xT, ) K:/e c(xT,€6) dE
0
1 ] y* 2 Cs0 k*l‘*/K*
- -—== —e ¢ePer Dar, 15
(6 2(H) K:© erzar (15)
l*
cf,ff(x*,t*) :Csoe—k;‘t*/[(;‘ +TLk:/e—k;‘([*_é:)/l(jcff?ll(x*’S)ds (]6)
0

and it gives an approximation of order O((e Per)/?).
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Remark 1 The characteristic parameters, based on the data from Taylor’s article [20], could be found in [13].
We mention two important Taylor’s examples, one with @ = 1.614, H = 2.6 - 10~* m, the longitudinal Péclet
number Pe = 0.95-10° and Per = 78 and the second one with o = 1.96, H = 2.6- 10~* m, the longitudinal
Péclet number Pe = 4.14 - 10° and Per = 173. Obviously, in Taylor’s situation, our derived contributions
are important and using them is necessary in order to simulate correctly the reactive flows.

In his fundamental work [20], Taylor showed that, for sufficiently large time, any point discharge of tracer
in laminar pipe Poiseuille flow evolves to a symmetric gaussian distribution moving longitudinally with the
mean speed of the flow. This type of flow is usually called Taylor regime where the characteristic diffusion

widihis o ~ \/D*(1 + s Pedr.
eff

Informations on the regime for the effective concentration ¢y can be obtained from the first moments,
defined by

+00
M (t) = / xkef(x, ndx, 0<k<2.
—00

Direct calculation gives for the characteristic diffusion width o ~ +/Ct, where C depends not only on Taylor’s

diffusion coefficient, but also nonlinearly on Cy = TTTLkS, Co = TZL% and Cq1 = TTAzL%“
e elhe Delke

3 Vector valued Laplace transform and applications to PDEs

The Laplace’s transform method is widely used in solving engineering problems. In applications it is usually
called the operational calculus or Heaviside’s method. Note that if we apply the Laplace transform on the

equation
Ty oci 11, e Ty ¢
-, = ks | ¢ l[y=1 — - >
Tp, ot Tpe Tp. K.

being a part of (9), we compute easily

Ty ., 1 T, . T
o = T e 1 ey). a”
Tpe T+ (Tpks)/(TpeKe) \Tpe Tpe

It follows that the Laplace transform of the problem (8)—(11) reads

e 5. 9CE y0°C° oy 8%C° .
¢+ Q0 —y°)— — De — De =cop in R x (0, 1), (18)
0x x2 dy?
a—2 9¢? A€ ;
—Ds glyzl =k(t)c’|y=1 — g(r) in R, (19)
T/ Tpe)ks 1 TaTykscs
k() = ( L/ De)ksT ’ g(t) e ALLKsCs0 ’ (20)
T+ (Tpks)/(TpeKe) TDer T+ (Tpks)/(TpeKe)
86sl 0 in R 21
—|y=0 =0 in R.
ay y=0

In the sequel, we work on the Laplace’s form (18)—(21) of the original problem. In this section we thus recall
some basic facts about applications of Laplace’s transform to linear parabolic equations. These results will be
used in particular to assert that our error estimates in the “Laplace’s world” can be straightforward interpreted
as error estimates in the “real world”.

For locally integrable function f € L}OC (R) such that f(r) =0fort < Oand | f(t)] < Ae™ ast — +oo,

the Laplace transform of f, denoted f , 1s defined as

+00
fo) = / f(e ™dt, t=&+ineC. (22)
0
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It is closely linked with Fourier’s transform in R. We note that
f@=F(f0e™)(=n. &>a, (23)

where the Fourier’s transform of a function g € L'(R) is given by

F(g(1) (@) = / 2O dr. o eR.
R

It is well-known (see, e.g. [21] or [11]) that f defined by (22) is analytic in the half-plane {Re(t) = & > a}
and it tends to zero as Re(t) — +o00.

For real applications, Laplace’s transform of functions is not well-adapted and it is natural to use Laplace’s
transform of distributions. It is defined for distributions with support on [a, +00) i.e. for f € Djr (a), where
D (a) ={f € D'(R); supp f C [a, +00)}. If S'(R) denotes the space of distributions of slow growth, then
we introduce S’ (R) by

S\.(R) =D, (0)NS'(R) (24)

and we use the formula (23) to define Laplace’s transform for f € Djr (a) such that f et e Sjr (R) for all
& > a. This approach permits the rigorous operational calculus. For details we refer to classical textbooks as
[21] by Vladimirov.

Laplace’s transform is applied to linear ODEs and PDE:s, the transform problem is solved and its solution

f is calculated. Then the important question is how to inverse the Laplace’s transform. First we need a suitable
space for image functions. It is the algebra H (a) defined by

H(a) = {g € Hol ({t € C; Re(r) > a}) satisfying the growth condition:
for any o, > a there are real numbers C(o,) > 0 and m = m(o,) > 0
such that |[g(7)| < C(o,) (1 +|7]™), Re(r) > o,}. (25)

For elements of H (a) we have the following classical result.

Theorem 2 [21, pp. 162-165] Let f € H(a) be absolutely integrable with respect to 1 on R for certain& > a.
Then the following formula holds true.

E+ioco

1 "
f@) = i / f(@)e” dz. (26)
E—ioco

These classical results are not sufficient for our purposes. We need results for reflexive Sobolev space X val-
ued Laplace’s transform. Furthermore we need an inversion theorem in L” ((0, 400); X). The corresponding
theory could be found in Arendt [1] and we give only results directly linked to our needs.

Let X be a Hilbert space, C; = { € C: Re A > 0} and let H*(C,, X) be the subset of the space of
holomorphic functions defined by

H*(C4, X) =1 h: C4 — X such that ||h|| 2, x) = supo/ ||h(x +is)||% ds < +00
x>
R

Then we have

Theorem 3 (Vector valued Paley—Wiener theorem from [1, page 48]) Let X be a Hilbert space. Then the map
f — flc is an isometric isomorphism osz(R+, X) onto HZ(C+, X).

In our situation, we have to deal with C4 replaced by {, € C : Re A > 7ty > 0}. But this means just
replacing f by e~ "' f in Theorem 3. Other, more direct way to proceed is to follow ideas from [11] and use
a direct approach based on the link to Fourier’s transform. We apply this result in the study of the upscaled
equations and then in the error estimates. We derive estimates for the solutions of the Laplace transformed
problem.
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4 Rigorous derivation and analysis of the effective problem
4.1 Formal asymptotic expansion

We suppose « > 1 and look for a solution ¢® of the problem, in the form

2(2—a)

cf =co(x;8)+82’°‘cl(x,y)+8 clx,y)+---

where £27¢ is the transversal Péclet number. Introducing this expansion in the equation, we get

teo+ Q1 — Y))dco — Dyer + 62 (rcl + 001 — yHocer — D@ Vg2 o — D32 ) — Da§ycz)
= cgo + 029, 27

We then write the cascade of equations corresponding to each power of the transversal Péclet number. For the
order 1, we get for every x € R

TC +2—Qac +0 l—y2 dyco = Dd2,c1 + cop on (0, 1)

0+ 3~ 0xC0 3 €O YyC€1 + €00 1), 28)
dycily=0 =0, —Daycily=1 = k(t)co — g(7).

By Fredholm’s alternative, the latter problem has a solution if and only if ¢y is a solution of a given hyperbolic

equation. Our initial and boundary data being incompatible, we choose to relax the hyperbolic equation into
the following assumption

k(t)co — g(t) = —Tco — Z?anco + oo + O(27%). (29)

This assumption is justified at the end of the present subsection when we get the equation satisfied by cy.
Because of (29), problem (28) now is

1 .
k(t)co — g(7) = Q(§ - yz) dxco = —Ddjyer inR x (0, 1),

8ycl |y:() =0, _Daycl |y:1 = k(t)co — g(7).

If we choose the solution ¢ of the latter problem such that fol c1dy = 0, it reads

2 4 7 1 /1
ci(x,y) = %(y— R —) dyco + 5(5 - yz) (k(t)co — g(1)). (30)

Bearing in mind (29), we now study the next order terms in (27), that is
2 2(x—1)q2 aq2 a—2 2Q
tc1 + Q1 — y9)dyc; — De dg.co — De“0;,c1 + ¢ (t + k(1)) co + Taxco —g(t) —coo
=D 2. dyealy—0 =0, —Ddycaly—1 = k(t)cily=1. (31)

Using once again the Fredholm alternative, we ensure that this problem has a solution if and only if

1
2
Teo + TQBXCO + k(v)(co + e* c1ly=1) — £*DdZ co + 2T / cidy

0
1

1
+£27Q / (1 — y»)dccrdy — De?d2, / cidy = g(t) + coo
0 0
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is satisfied in R. Because ¢ is chosen such that fol c1dy = 0, the zero order term cg is characterized by

1
2 .
TCco + TQBXCO +k(t)(co + &2 %¢1ly=1) — £*Dd? co + 827“Q/(1 — yHayerdy = g(r) +coo inR.
0

(32)
We compute
/ 80 2
/ (1= yhdkerdy = =g =5 co + 5o k(D)o — 0:8(0)),
0
20 1
Clly=1= 45—DaxC0 - 3—D(k(T)CO —g(1)).
Equation (32) thus reduces to
k(t)? 2 4
(r +k(t) — ;tD) 82"‘)co + (TQ + 45—QDk(r)82°‘)8xco
80Q% ,_ k() 5 20 5
- (Daa + m52 “)a§x00 = coo + g(t)(l - 3—D£2 “) + 45—Ds2 *deg(1),
in R. For convenience we set
k(t)? ,_
F = k(t) — o 33
o(t) =1 + k() 3D ¢ (33)
20 40 ’
F = — +—k o 34
1(7) 3 +45D (v)e (34)
80% ,_
D = D¢g” “, 35
© T oss5p° (35)
We finally claim that the effective equation governing cy is
- k 2
Fo(t)co + F1(t)dyco — D2 co = coo + g(T) (1 - %e“‘) + 45—%82*“8)@(1). (36)

4.2 Existence and uniqueness result for the effective equation

The present subsection is devoted to the analysis of the effective problem (36) derived in Sect. 4.1. Since
the problem (36) is posed in R, we search for a solution c¢yp € H 2(R), for every T € C,Re t > 19. Let
w = Fy(cg) = J%? fR co(x, T)e!®* dx. Then it is determined by the following equation

(Fo(r) +iwF (1) + Da)z) w(w) = Flcoo) (@) + f(g)(a))(l - ]%52*0‘ + ia)425—%82“) in R.
37
Solution to (37) is formally given by
Flan) @) + F@) ) (1= 5562 + iw25e2)
w(w) = , weR, (38)

Fo(t) + iwFi (1) + Dw?
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and in order to prove that ¢y € H>(R), we need to check properties of the denominator. We have
~ 2 ~ ~
Fo(t) +iwFi () + Da)z\ = (Dw?)* + 2Dw’Re(Fy(x) + iwFi (1)) + | Fo(7) + iwFi (0)]?
= (Dw?)* + 2Dw’Re Fy(t) — 2D’ ImF (1)
+(ReFp(t) — wlm Fy ('r))2 + (ImFp(t) + wReF (t))2

2
— %Ea)z (\/Bw — mm—\/%(t)) + {DReFo(r) — 2(ImF1(t))2} >

1~ 252 N2 2
—i—E(Dw ) 4+ Dw“ReFy(t) + (ReFp(t) — wlmFi (7))
+(ImFy(t) + wReF) (1))>

> %([)wz)2 + (ReFy(7) — wIlmF; (7))>

+(ImFy(t) + wReFy(1))* + Dw*Re Fy(1), (39)

where we have used that Re Fy > 19/2, ¢ << I and Im Fi(7) = O(ﬁ). Now, using (39), for cgg € L%(R)
and ¢;0 € H'(R), we get w € L?(R), ow € L*(R) and w?>w € L*(R), is a unique solution for (37). We
conclude that there exists a unique solution ¢g = F, L(w) € H2(R) of the effective Laplace-transformed
problem (36) for any 7 such that Re(t) > 79 > 0. As cqp, ¢50 € CJ°(R), we have ¢y € S(R). Unfortunately,

in (39) the leading term contains D and the regularization comes along with estimates which explode when
& — 0. It confirms difficulties already observed in [16]. Precise lower bound for the denominator is given in
the following lemma:

Lemma 1 Under the above assumptions, we have
|Fo(r) + iwFy (1) + De?| = C{De? + Rer + v DlImz| + 1}, (40)

where C does not depend on l~), T and w.

Proof We start from (39) and use that Re Fy > 79/2, ¢ << 1 and Im Fi(7) = O (D). We have

1 - 1
(ReFy(1) — wlmF; (7)) + ZDa)zReFo(t) > 5(ReFO)Z. (41)
The remaining term is estimated as
1~ 1 ImFy(t))2DReF,
L Be?ReFo(t) + L(ReFo)? + (ImFy(7) + wReFy (1))? = —mFo@®)"DRefo@) (42)
4 4 DReFy(t) + 4(ReF(1))?
After inserting (41) and (42) into (39), we get (40). |

Proposition 1 Let2 > o > 1. Then for any t € C such that Re(t) > 19 > 0 we have

llcooll g1 vy + llesol 22wy

< , 43

”CO(T)HLZ(R) — 1+ |‘L'| ( )
llcooll r2ry + llesoll 1 (r)

lloxco(DIl 2wy = € T4 7] ; (44)
5 llcooll 3wy + llesoll 2 (w)

1 xco(ll2my = C o (45)

Proof Thedifficulty is that any decay in 7 is accompanied by the presence of the negative powers of D in the esti-
mates. Main difficulty is the presence of cgg. In order to handle it we decompose w as w = U+ F, (cgp) /(1+ 7).
Then for U we have

~ F Do?
(Fo(r) + iwFy(r) + Da?) Uw) = F(coo) (@)(1 — 1(1?) — {0 (1) F () @) — T ftfx (c00) (@)
_@ 2—a .20 2—a :
+F(9) () (1 S R ) in R. (46)
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Using that D= Ce2~® we have

Dw*Fy(cop)(@)/(1 + 1) _ llcooll 22 (w)

Fo(t) + iwFi (1) + Dw? L@ - 14|t
Summing up the estimates gives (43)—(45). m|

4.3 Error estimates

As before, we limit ourselves to the case « > 1. As described in Sect. 4.1, the formal asymptotic expansion of

a solution ¢ of system (8)—(11) leads to consider the following function for approximating ¢*:

2 4
7
ot w0y =t o)+ (3 - 15 - 1gg) wents 0
LY et o) — g
) 3 5 (k(t)co(x; &) — g(1)),

where cg € H'(£2) is the solution of the following effective equation

k(t)? 2 4 802
(7: + k() — ;D) 82_“) co + (TQ + —45QDk(r)82_“) 0yCo — (De“ + 94§D 82_"‘) aﬁxco

k(T) - 20 5,
= 11— ——=¢&7¢ —e7 %) .
Coo+g(f)( 3D ° t 5p°¢ 1 8(7)
After some computations, we assert that ¢¢ — clL’eff satisfies the following problem.

£ (&= ef ) = -0 ing,

= k(1) (66 - clL’eff)

y=I1
~€ L eff
dy (c - )

where functions @¢ and b are defined by
5 3
OF =" Ff+ > SE+ D,
i=1 i=1

3 Q2 8 y2 y4 7
FS — 2 Ctaz = . 1_ 2 s ,
1= ey gy AN T2 T T80

2
Ff = 20,00 20 (—i +( -y (1 - y—)) ,

—De 2, (éf . cf’eff) b iR,

y=l1

=0 inR,
y=0

D 45 6 2

_ o (y Yy 7
FS 2—a a = s 2 ,
S ) ( 6 12 180
Fg 2 Tk(f) l _ y_2

4 D \6 2)°

2 2 4

y y y 7
FE = _ng(‘c)E))%xC() (6 — 7) _ 82Q8;MCO (z -5 @) ’

e pat8@® (1 )2
! D \6 2)°

(47)

(4%)

(49)

(50)

(D

(52)

(33)

(54)

(55)

(56)

(57)

(58)
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S5 = —ez—“%axg (—% +(1—y% (é - y;)) : (59)
S5 =¢97,¢ (é — y;) : (60)
bt = 82“%@ — szfaéé—QDk(r)axco - 827“%&1). (61)
Letw = ¢ — c{"eff. The variational formulation corresponding to problem (49)—(51) is

/tw¢dx dy—i—/Ds“(aowqu + e 720, wdyp)dx dy+/k(r)w|y=1¢|y=1 dx +/ 01 — y»)po,w dx dy
2

2 2 R
5 3 !

=—/2Ff¢ dxdy—/Zsqu dxdy—/bg/(qﬁ—qﬁly:l)dydx. (62)
@ =1 o =1 R 0

We now look for estimates of the terms in the right hand side of (62). We state and prove the following result:

Lemma 2 Let ¢ € H'(82). Then the following estimates hold true:

5
/ D Fi¢dxdy| < C1DC(co) 67710y 1) + CET P 0rcoll 2y 677060 1) -

o i=l
(63)
3
/Zsqu dxdy| < Ce31=42¢(cs0) ||s“/2—lay¢||L2(m, (64)
o i=1
1
/bf /¢—¢|y:1dy dx| < c83“—“/2>M ||a“/2—lay¢||L2(Q), (65)
J / 1+ 7]

where the quantities C(co) and C(cs0) are defined by
Clco) = (1 + 1)) (llcoll 2y + 3xcoll 2 w)) + I105,coll L2y

C(cs0) = llesoll 2y + l[9xcsoll z2r)-

1+ 7]

Proof First, we note that all ¥ have zero mean with respect to y. Therefore, Z?zl F can be written as

4
D Ff =&y (Po(y)Tk(T)co + (PL(Y)T + Pa(y)k(T))drco + P3(3)d7,c0) ,
i=1

where the polynomials P;, 0 < j < 3, have zero traces in y = 0, 1. We thus have
4
/ Z Ff¢pdxdy
o i=l

= / 27 (Po(y)Tk(T)co + (P1())T + P2(y)k(T))dxco + P3(y)d2,.c0) dy¢p dx dy
2
< Ce* %> 719,01l 228" T (It coll 2wy + |7 + k@ 1dxcoll 2y + 1050l 2w) ) -
(66)
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Next, for the second term in FZ, in order to avoid using the estimate for dyxco, we use the partial integration
with respect to x and get the following estimate:

/ 620, Pa(y)03, cop dxdy| = / £29,Pa ()07, codxp dxdy
22 22
Ce® | drxcoll 2wy €2 0x Bl 12(2) - (67)

IA

The first term in Fs is easily estimated by the same bound. Estimates (66) and (67) imply estimate (63).
Analogously, the term Ziz=1 S; can be written as

2
D85 =" (3 (Po(1))T8(T) + 0y (Pe1())0:8)
i=1

where the polynomials Pyj, 0 < j < 1, have zero traces in y = 0, 1. We thus have

2
/ D Sfdxdy| < Ce¥ (122 oyl 2y (||Cs0||L2(R) +

||3sz0||L2(R)) . (68)
Q i=1

I+ 7]

In analogy with (67), for the term S5 we have

/ S5 dxdy| < C827u/2||5a/28x¢”L2(9)T|1_| 0xcsoll 2Ry - (69)
Q
Finally, for the term b?, we proceed using Poincaré’s inequality:
1
[o([oworde—oia ) ar
R 0
= /yb€8y¢ dxdy
Q
< C&¥ 2 (k@) Pllcoll 2y + K@19xcoll 2y + K@ @llesoll 2ry) 167270381112y
(70)
Now (68)—(69) implies (64) and (70) gives (65). This completes the proof of the lemma. ]

Using Holder’s inequalities in the latter proof, we have the following result:

Corollary 2 Let y € [0, 1] and o € [1, 2). Then, under the assumptions of Lemma 2, the left hand sides of
the estimates (63)—(65) could be replaced by

— — 1—
Ce@ =D C(cq) + Cleso)) (16727 0,172 ) + 16720812 ) 1020y

Now we test the variational formulation (62) by the function ¢ = w. After taking the absolute value, we
obtain

/|r||w|2dxdy+/Ds“(|axw|2+s*2|ayw|2)dxdy+/|k(r>||w|y:1|2dx
2 2 R
1

5 3
< /(ZFi8+ZSf)wdxdy—/bg/(w—my:])dydx . (71)
o \i=l i=1

R 0
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The terms in the right hand side of the later relation are estimated in Lemma 2. The L? error estimate is thus

lwll g2y = Il — ||L2(:2)

< cgdl=e/2) ((1 + 17D (lcoll 2wy + 13xcoll 12wy )

l9xcsoll 12
2 ®)
+ 195 coll 2wy + llesoll 2wy + i1 ) (72)
The terms containing cq are estimated in Sect. 4.2. We thus got the following result:
Proposition 2
A L ff _
& =@ L, < 22N (ool 3wy + llesoll my) - (73)
L.eff 3-2
& —cl )‘wm < C&2 (Jleooll gy + lesoll iz ey) (74)
A L.eff -
Hay(cs = et g, = €5 (el + el (75)
A L £f —a)(3— _ 10—
@ - Hx )\LZ(Q) < Ce@ G2V (lieoo || gy + lesoll gmy) 1717372, V8 € (0, D).
(76)

Proof Estimates (73)—(75) follow immediately from Lemma 2, estimate (72) and inequality (71). It remains
to prove the estimate (76).
Let 1 > § > 0. Then by Young’s inequality we have

{(|T|||U)||i2(g))l/(z_a)}2_8 + {(”80(/2—18yw||i2(9))(l_5)/(2_5)}(2_8)/(1_3)
(Q))l/(2*3)(||8a/2718yw”LZ(Q))(I*S)/(Z*(S)’ (77)
{(|T|”w”iz(g))1/(2—5)}2—tS + {(||€a/2axw”22(9))(1—5)/(2—5)}(2—5)/(1—5)

)1/(2_5)(“80[/28)511)”%2 )(1_5)/(2_8)’ (78)

2
> C(lellwlya

2
> C(ltllwlyz

(£2) (£2)

After inserting (77) and (78) into (71) and using Corollary 2 with y = 2(1 —§)/(2 — §), we obtain

— 2/(2-8
Ve w ) = € ((1 + 17D (llcoll 2y + I9ccoll 2gry) + 1020l 2wy

I
sl o + 1eole@y ora—s (79)
COlL2® T e ) e
Now we use the estimates for ¢y from Sect. 4.2 and the estimate (76) follows immediately. m|

Proof of Theorem 1 Theorem 1 now follows directly from the estimate (76) and the Paley—Wiener theorem 3.
O

4.4 Inverse Laplace transform for the effective problem

In order to prove that (12) is the effective equation, it remains to go from the “Laplace world” to the “real
world”. Let cOff be the inverse Laplace transform of c¢y. We recall that ¢ is the unique solution of

- k(t 2
Fo(t)co + Fi(1)dyco — Dd3 co = coo + &(7) (1 - Qs“) + 4—Qszf“axg<r),

3D 5D
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where
Fo(t) = 7 + k(1) — K@) 2
0 3D s
20 40 9 ~ 80% ,_
Fi(t) = -2 + 2% o« P = pe® @
1) = ==+ 5pke © tospt
C,C T Tk
k(1) = Ci—— = Cp — =0 Gith Cp = =%k, and Cp= —L"2.
T+ Co T+ Co Tpe TpeKe
TuT,k
T+ Co T2 K,

Using elementary properties of Laplace’s transform, notably the Heaviside expansion theorem, and with nota-
tions of the operational calculus (see, e.g. [21]), we have

eff
dcg_
T

TCo) — Coo <>
t
k(t)co < CrcsT — CiCo / o CoU-) el (. £y

0
t

t
k(t)’co < Cc — 2C£Co/e_C°(’_E)c8ff(-, £)de + C,fCé/e‘CO("f)cgff(-, £)(r — £)dE.
0 0

For the right hand side we have

k(t) ,_ Coi  (BD—Cre>™Tt+3DCy Cq1  _ _ _
(1) (1 — 582 a) :%cso =T Co’ < %csoe o' (3D—Cre*™™ + CoCre* 1) ;
20 5., 20 5 0xCs0 20 5 —C
TE %), 0(T) = — 7 TYC,  ———— & ——“T%C, 0 cs0e” 0.
p° %80 =15p 171 C, 45D g10x 650
In view of these equalities, we obtain the effective equation (12) for cgff:
For the non-dimensional surface concentration 6;5 , we recall that
N T T ks . T 1
C§= De(Lacg_i_ Acso)ﬁ
Ta \ Tpe Tpe T+ TDLe e
eff eff

and it is easy to write the effective non-dimensional surface concentration ¢§" using ci" and expansion for c*.

s
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