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Abstract

We consider a model describing compressible nuclear waste disposal contami-
nation in porous media. The transport of brine and radionuclides is described
by a nonlinear coupled degenerate parabolic system. The viscosity of the fluid
is unbounded and concentrations and temperature dependent. We study the
asymptotic behavior of the model for little Peclet numbers.
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1 Introduction

We consider here a waste-disposal problem in which high-level radioactive waste is
burried in a salt dome. The salt then dissolves to create a brine and N radionuclides
are transported by a miscible compressible flow. We aim to study the asymptotic
behavior of the displacement for the expected regimes with a low Darcy rate of
flow. It corresponds to little associate Peclet numbers, lower than 1, when the
permeability of the rock is small. The dispersions effects are then neglectible with
regard to the diffusions ones (see [5]). We include in the model the mechanisms
of sorption, of radioactive filiation and decay and the important thermal effects
that they induce. The far-field repository is represented by a domain  of IR? with
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smooth boundary I'. The unit normal pointing outward {2 is denoted by v. The time
interval of interest is (0,7), Qr = Q2 x (0,T), and 'y =T x (0,7). We denote by p
the pressure, by ¢ the salt concentration, by (ci)i]\:lQ the concentration of (N — 2)
radionuclides and by # the absolute temperature. The Darcy velocity is designated
by u. Due to the mass and energy conservation (c¢f [12, 5, 11]), the flow is governed
in Qr by the system (1.1)-(1.5) below. The parameter & describes the order of the
dispersions effects. Our aim is to study the asymptotic behavior of this system as
€ tends to zero and to justify the existence of physically relevant solutions for the
limit model

N
$1F Ope + O F +div(u,) = —q— Y q; + Ry (C2), (1.1)
J=1
k
U, = ————Vpe, 1.2
p(ce, 0) (1.2)
1
010; — div| —————— (¢pcp(0:) (K (pe) + €lu.|) VO — Heu,
0o = div (g5 (96 (0) Kon(pe) + el ) )
0. — 0y .. cp(6e) U,
- div i U, +C paaeeﬂg'vefs_i
7 (G, ayte) * w0 a9
N
-1
OF +q+ —R.()) = —i— +qH.,), 1.3
b 1 j;qj ( )> d2(p(pg),05) ((IH 1 ) ( )
¢ O + u, - Ve, — div(¢(Dm =+ €|ﬂa|)V5a) + d3(ée) Otpe — @ O F ¢
N
=Ce Z%’ + (1 = ¢) Ry(¢2), (1.4)
J=1
¢ KiOicie +u, - Veie — div(o(Dm +eluc|)Veie) 4+ dsi(cie) Ope — ¢ O F ¢ ¢
N
=—¢;R.(¢c)—qi+cie Z g —NiKipei.
J=1
N—2
+ Z kij \j Kjdcje+kin An Kn ¢ce, (1.5)
J=1,j#i
with
N—2
c=(é¢1,.,cN_2), Cc=1-— Z cj —¢é.
i=1

The diffusions effects are characterized by K,, which is the heat conductivity of
rock and fluid, and by D,,, which is the molecular diffusion. We assume

Fom
p(p)’

The specifical internal energy and the enthalpy are defined by

Ky = Kpn(p) = ke >0, Dy, > 0. (1.6)

U=U(®0)=c,(0) (0 —0p), H=H(®p) =Uy+U+ %.
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The density p satisfies

p = p(p) = po exp(cw(p — po))- (1.7)

The real number ¢, is the compressibility of the fluid. The reference energy, tem-
perature, pressure and density Uy, 89, po, po, are given real numbers. A strong
coupling is induced in the system by the viscosity p which is concentrations and
temperature dependent. There is no explicit model of the viscosity valid for any
nonnegative temperature. But © — oo as the temperature goes to the tempera-
ture of transition liquid/solid (¢f [10]). Denoting by 6_ > 0 this temperature, we
thus assume that 1/u(c, @) is a given nonlinear and nonnegative function, defined
in (0,1)N=1 x [#_, +00), satisfying

{ 1/ e Whee((0, )N x [6_, +00)),

((,6) € 0.1V x 6, +00) and p(e,6) " = 0) =6 =0_. (18)

The viscosity is then unbounded for temperatures in a neighborhood of #_. The
crucial consequence is the degenerating of the parabolic pressure equation (1.1). We
denote by p_ the real number such that

0 <y < ple,0) V(e,0) € (0,17 x (0, +00). (1.9)
We have

d2(p, 0) = $(z) ¢p(0) + (1 — () %R cpr(0),

_ cp(0) )
Clp,8) = (0~ 00) Do (2 =)

The positive function ¢, (resp. c,r) is the specific heat of the fluid (resp. of the
rock), and pp is the rock density constant. For these functions we have once again
no explicit model valid for a wide range of temperature. For a nuclear repository site
one generally adopts the following form of specific heat (see [9] for Yucca Mountain
and the references therein).

Cp(R)(a) = AO + Alg + A292 + A393,

with (Ag, A1, Ay, A3) € R*. This type of relation remains true during phase trans-
formations. Indeed these transitions absorb heat and then increase the specific heat
capacities of the constituents as a function of temperature. Consistently with the
latter relation, we assume that the heat capacities are defined in (f_, +00) and that

1
there exists some real numbers (C—p) and (—) such that
d2 — d2 +

0<(3)_< d?@(fin (%) d2<; 9) = (),
V0 € (6_,+00), Vp € (m, M), (1.10)

<;§é§?g’Da<dz€§)?)9)) 9) € (L>°((0-,00) x (m, M)))>.




230 C. Choquet

the real numbers m and M being defined in (1.20) below. The functions ds and d3;
are defined for ¢ € (0,1) by

ds(c) = d1(x)c(1 — F(x,t)), dsi(c) = ¢1(x) c(K; — F(x,t)).

The porosity ¢ (and ¢1 = ¢, @), the components of the permeability tensor k
and the retardation factors K; are in L>(Q), while F(z,t) belongs to W1>°(Qr).
Moreover, for some real numbers 0 < F_ < F;, 0 < ¢_ < ¢4, 0 < k_ < k4 and
1< K_ < Ky, we have

F_<F(xz,t) < Fy ae. in Qp,

b <o) < by nc.in D, -
Bol6? < k(@)E-& |k@)e] < kildl ae. in Q, VE € R, (1.11)
K_<Kijzx)<K; ae in, i=1,.N.

The real number £;; is the mass rate between the parent radionuclide j and the
daughter one 7. Since the processes of radioactive decay and filiation compensate

themselves, the real numbers k;; are such that Z;yzl,#i kj; =1,1 <1< N. Note
also that Kn¢ = F(x,t) — Zjv:_lz K;(x)c; — ¢, where F(z,t) describes the total
sorption capacity of the rock. The real number A '~ 0 is the halflife of the
radionuclide 4. The salt source term is defined for ¢ € (0, 1) by

ngstfs

Rl (c) =
o) = e

(1-2¢).

The real numbers ¢y, fs and K are rate constants characterizing salt dissolution
in the reservoir. The other source terms ¢, ¢;, ¢z belong to L>=(Qr), and ¢;(z,t) > 0
a.e. in Q. We assume besides

2 (—a( ZqﬂrR' — G OF )(0- —0y)
+q(Uo+(cwp(1/cw)) N4qu <0  VCe(0,1), (1.12)

where §_ > 0. It means that the reaction is always exothermic when 6 is in a
neighborhood of 6_ (c¢f [14]). This latter assumption is all the more reasonable
because we can choose a convenient reference temperature 6.

We consider the following initial and boundary conditions.

u -v=0 onlr,  p(x,0)=pmit(z) inQ, (

(Km(pe) +€lu|)VO. -v =0 on I'r, 0:(2,0) = Oinit(z) inQ, (1.14

(D +€lu|)Vé. -v=0 onTI'p, Ce(x,0) = Ginar(x) in Q, (

(D, +€lu,|) Veie-v=0 onTp, Cie(2,0) = ¢ init(z) InQ, (
with pinie € H'(Q) and (Ginit, Cinit, (Ciinit)q2) € (L2(Q))V satisfying

mo < pinic(z) < My a.e. in Q, (1.17)
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0<0_ <Oinic(x) ae inQ, (1.18)

O S éinit(x)a ci,init(x)a Z Cz wut + Cznzt( ) S 1 a.e. in Q (119)

We define two real numbers m and M by

cs K fs

m = ~(lalloo 4 10 Flloc) T-+mo, M = (S22

2404 |0l ) T+Mo, (1:20)

where M is such that (;5,((9 inf )cp) (1- ¢+)(( inf )ch) pr/p(M) > 0. Then
) 0_,+

d2(p,0) > 0if p < p(M).
For any fixed real € > 0, the following existence result is deduced from [2].

Theorem 1.1 Under the aforementwned hypotheses and for any fized € > 0, there
exists a weak solution (pe,0,¢c, (cic)N7%) of Problem (1.1)-(1.5), (1.13)-(1.16)
satisfying

i) the function p. € L (Qr), with m < pe(z,t) < M a.e. in Qp, is so-
lution of (1.1)-(1.2), (1.13) verified in L*(0,T; Hil(ﬂ))' the velocity u, =
k
—WV])& belongs to (L*(Qr))? and /p(ce, 0 )u, is in (L2(Q1))?%;
ii) the function (Ce,Cley..,CN—2.¢) (LOO(QT) 2(0,T; Hl(Q)))N_1 is such
that 0 < é.(x,t),¢ic(z,t) and ZZ 1 cm(x t) + (ac t) <1 a.e. in Qp, while
0. € L>=(Qr) N L*(0,T; HY(Q)) and 0. (z,t) > 9, >0 a.e. in Qrp.

In the present paper, we aim to prove the following convergence result.

Theorem 1.2 For extracted subsequences, the solution (pe, 0, ¢, (¢, E) T ) of Pb.
(1.1)-(1.5), (1.13)-(1.16) converges in a weak sense to (p,0,¢, (01)112_12) whzch is a
weak solution of the following problem where the dispersions effects are completely
neglected.

&1 F 0p + ¢ 0, F + div(u) = —q—ij + R.(¢ (1.21)
k
u = —mVp, (1.22)
. 1 0 — 0o cp(0)
00 — d1v<m(¢cp(0)l(m(p)v0 — H@)) -~ div (d2( 0.0 g)

v
Fdy(p(p),0)

Y (e, (1.23)

N
+C(p(p), 0)u - VO — (¢8tF+q+qu - R’s(é))
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G 0ye+u- Ve — div(pD,Ve) + ds(é) Oup — ¢ O, F ¢

N
= &> g+ (1- ) (@), (1.24)
=1
P K;Orci +u- Ve, — div(¢D,y, V) + dsi(c;) Op — 9 O F ¢; = —¢; RL(E) — ¢
N N-2
+c qu —ANKige + Z kij\j Kj¢cj+ kin An Kn ¢ ¢, (1.25)
j=1 j=1,j#i

provided by the following initial and boundary conditions

u-v=0 onI'rp, p(2,0) = pinit(z) in Q, (1.26)

m(P)VO-v=0 onTlp, 0(x,0) = Oinit(z) in Q, (1.27)
D,Vé-v=0 onTlrp, é(x,0) = Eipic(z) in Q, (1.28)
D,,Ve;i-v=0 onI7p, ci(z,0) = ¢ init(x) in Q. (1.29)

Furthermore, (p,0,¢, (ci)i]\!lz) has the same regularity properties as those of the

solution of the original problem described in (i) and (i) of Theorem 1.

The simulation (see [11]) and the numerical analysis (see for instance [7, 4, 6])
of such problems where the dispersion effects are neglected has been extensively
studied in the past decade. But the rigorous justification of the model with ne-
glected dispersion is not addressed. We can only cite [1] who treat a simplified non
radioactive model with constant viscosity. And [3] considers the one-dimensional
case for a mixture of two species with different compressibilities (this adds a non-
linearity in the problem) but with a bounded viscosity. More generally, there are
very few mathematical results about fluid problems with unbounded viscosity (see
for instance the recent work [8] and the references therein).

The paper is organized as follows. Classical energy estimates are performed
in Section 2. We also state the compactness results which can be obtained with
arguments of Aubin’s type. Section 3 is devoted to the convergence analysis. We
use astute tools to get sufficient informations about the pressure behavior in spite
of the degenerating of Eq. (1.1).

2 Energy estimates and first compactness results

In what follows, the letter C' denotes a generic quantity, independent of e. We begin
with some properties of the pressure p. solution of (1.1)-(1.2), (1.13).

Lemma 2.1 The function p. € L>=(Qr) N L*(0,T; H*(Q)) solution of (1.1)-(1.2),
(1.13) satisfies
m <p.(x,t) <M ae. in Qp,

<0, Nucll2@myz < C1,

k. 1/2
el oo + [ (5555) Ve

p(ce, bs (L2(Qr))?
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where C (resp. C1) is a constant which only depends on T (resp. on T and
p— defined in (1.9)). Furthermore, the function ¢1F0:p. is uniformly bounded
in L2(0, T (H'(0))).

Proof. The first estimate is a direct consequence of the construction of p. in [2].
One also can check that since the right hand-side terms of (1.1) belong to L (1),
a maximum principle with Hypothese (1.17) leads to m < p.(z,t) < M a.e. in Qr.
We now multiply Eq. (1.1) by p. and integrate by parts over Q2. We obtain

2dt/¢1F‘pa| d$+/(¢p€—f¢1|p€| )615-Fd'r

k
+ 7Vps‘Vpedm:*/ qa+ ) qj ) pe da.
o >u-

We estimate the second term of the left hand-side and the right hand-side of
the latter relation using the assumptions ¢q1,¢ € L>®(Q), O.F € L*(Qr), q,q¢; €
L>(Qr) and é. € L*™(Qr) (see the maximum principle (%) of Theorem 1). With
Assumption (1.11) for k, we get

k 2 2
B <
th/qﬁlF\psl dw+/§m( 9 )IVpEI da C/ Ipe|? dz + C.

We then use the Gronwall lemma and the assumption ¢1 F > ¢,,¢_F_ > 0 to obtain
the estimates for p. in L°°(0,T; L?(2)) and for Vp, in (L?(27))?. The estimate for
u, in (L?(7))? then follows from Assumption (1.9). Finally, multiplying Eq. (1.1)

Ze

by any test function v € L?(0,T; H*(Q)), one checks that

(1 F Oupe, V) 120,75 () ) x L2 0,131 ()| < CUYN L1 ar) + IVl (L2 (@r))2)-

This ends the proof of Lemma 1. ]

We now study the temperature problem (1.3)-(1.14). We claim the following
result.

Lemma 2.2 For any e > 0, the function 0. solution of (1.8)-(1.14) is in the space
L*(0,T; L2(Q)) N L%(0,T; HYX(Q)) and it satisfies:

i) 0-(x,t) > 0_ > 0 almost everywhere in Qr;

ii) the sequence (0c) is uniformly bounded in L>(0,T; L*(Q2)) NL%(0,T; H()),
and ((e|u.|)2V0.) is uniformly bounded in the space (L2(r))?%;

iii) the sequence (0.) is sequentially compact in L?(Qr).

Proof. Assuming (1.6)-(1.12), the existence of a solution 6. to the parabolic problem
(1.3), (1.14) with 0_ < 6.(x,t) a.e. in Qp is given by the construction in [2]. To
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prove ), we multiply Eq. (1.3) by 6. and integrate over 2. Integrating by parts,
we obtain

th/ 6= (- \Qd +/ da( ¢cp (Ko + elu.|) VO, - VO, da
2

/ ~V9€)dx—|—/C(p(p5)79€)96g5~V96dx
da(p(p2), 0:) Q
00 . C (95)
- d Lo . ) Oed
/Q F ”(d (2. eﬂ) v

U /
/W(MMHZ% R.(e.)) 6. de

j=1

== | gt tede — | s x. .
=~ [ ata < [ amaay G Ut i) e @)

We begin by recalling that the functions p. and then p(p.) are bounded in
L>(Qr), uniformly in e. We also bear in mind the bounds for ¢,/ds, 1/d2 and C
given by Assumption (1.10). Due to the definition of H,, we have

’LmHa(gs~vae)dx‘

Y T T
=1 [, G o + 00 ~00) + 255 - 90 .

Thanks to the Cauchy-Schwarz and Young inequalities, we write with Assumption
(1.10)

‘/dQ g (U = (02 00) (- 90, dm‘<(§2)‘1+(i)+)

45/ lu, |2dx+6/ Vo, |2dgc <—/ lu, |2dx+(5/ |VO.|? dz,
Cp\Ue) Ve 2
. (6, Ivorras

+£/|@E|2dx ,
o Jo

[ Clot2).00)0- (. - 902 da| < (o). 0) 0l (5 [ (V6.7 da

¢ 2
+ o /Q|g8| dz)

|, ey oy e V0 de] <8 190, I2dw+f/|u| dz,

for any § > 0. The function (p./p(pc)) is indeed uniformly bounded in L (1)
since m < p.(x,t) < M a.e. in Qp. Now we transform the fourth term of Relation

and
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(2.1). Tt follows by integration by parts that

L= div(d2<6?(6>)es> ) .o

(0. — ) u, - V(F~ 1) dx
/d2 ps e 0)78 ( )

cp(6:)0: 2 / cp(0:) 90
— 7*u5~veadl‘+ —_— - V. dx.
/ dQ(p(pE)aes) F Q d2(p(p5)795) F

We have replaced the duality product (-, '>(H1(Q))/><H1(Q) by three terms in the
form (-,-)r2Q)xz2(). We recall that F~1 ¢ Wh*(Qr). Thus, similar tools as
previously allow to estimate the terms in the right hand-side of the latter description

of <div(d2(3éze))95)ga), 95;9 02) (1 () x HL(Q)- And the other terms of (2.1) do not

bring additional difficulty. Bearing in mind that

/dz(p(pg),eg) (K +elu[)VO: - VO d

2/9(%)_0:7(% + el |) V6P dr,

the previous estimates finally yield in (2.1) to

th/w |2d”3+/ ((Z) ¢—(p8})+w€l)—5> V0.2 do

C
g(l"‘ ||Q€|| L2(0Q))2 +C/ |9 |2 dx, (22)

for any ¢ > 0. We choose ¢ such that ((C’;) G—km/p(M) — ) > 0. The Gronwall

lemma then yields the result ii).
It remains to prove ). Let ¢» € L>(0,T; W14(Q)). We multiply Eq. (1.3) by
1 and integrate over ). Integrating by parts, we get

|(0e0z,0) L1 (0,1 (W1 4(9))),L% (0. T;WL4(9)) |

UL e
+/QTdQ((HE>05>(“f'W>‘+‘ | FaoeTa )
o, S Ve u| + ‘/Swm(uawew\
+/QTF?dz 95)(€'VFW‘+ATW(qH+qH€)¢‘
N /Q Fd, p; 0.) <¢’8tF+q+Z% (e)) vl

j=1
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Each term of the right hand-side of the latter relation can be estimated as follows.

[(0e0=, 1) L1 (0, 15w 14 (02))7), Lox (0,15W 14 () |

< OV L2z IVl (L2 @r))2 + Clleluc VOl L ()2 VU (L1 (2r))2

+H H. + U, ‘
d2(p(pe), 0c) 1= (2r)

+C((ep/d2)—, (1/da) 4, m, M, | F|lwr.e ), F- lall e, (g5l L) 19] L2 @r)

+COuc 2272 [IVOll (222 19l Lo (@) < CllYlILoe 0, 7,w14(02))-

lucllzz @)z VYl (22 r))2

So the sequence (9;6.) is uniformly bounded in L'(0,7; (W14(Q))’). We then con-
clude with arguments of Aubin’s type [13]. The proof is achieved. |

Next we consider the concentrations problem. We claim the following lemma.

Lemma 2.3 For any fized € > 0, the solution ¢ = (é:,cC1,e,..,cN—2,) of Problem
(1.4)-(1.5), (1.15)-(1.16) belongs to (L>(Qr) N L*(0,T; Hl(Q)))N_1 and satisfies

i) 0 <cie(z,t),éc(x,t) and sz\i_f Cie(x,t) + é(z,t) <1 ace. in Qp;

i) the sequences (¢c) and (c; ) are uniformly bounded in L*(0,T; H'(Q)), while
((elu)2Ve.) and ((e|lu.])2Veie) are bounded in (L*(Qr))?%;

iii) the sequences (¢;) and (c;.) are sequentially compact in L*(Qr).

Proof. The maximum principle in item 4) is due to the construction of the solution
ce in [2]. The proof of item i) follows the lines of the proof of i) in Lemma 2. The
only difference lies in the terms containing O;p.. Let us consider for instance the
one appearing when we multiply the salt equation (1.4) by é. and then integrate
over ). It writes fQ d3(é¢)0¢peedx. We recall that by Lemma 1, we can only assert
that O;p. is uniformly bounded in L2(0,T;(H(2))"). So the zero order estimate
for ¢. given by the maximum principle i) is not sufficient for getting an estimate
of fﬂ ds(¢:.)0¢pecedx. We thus note that the former expression is defined by the

duality product {(¢1F0;pe, %)(Hl(m),le(g). Using the Cauchy-Schwarz and

the Young inequalities, we then estimate it as follows.

dS(ée)és dS(és)és
‘<¢1F5'tps, 17>(H1(Q))/><H1(Q) <@L F Ospe|| (rr () ‘ “orF o
Clleel|F o
< CllorE dupell s @y IV E =y + 5 [ 61F Oepe[Fan oy

+6 | |Vé | dx,
Q

for any § > 0. The terms of the right hand-side of the latter relation can be
included in a relation for ¢, similar to (2.2). We recall that we have stated in
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Lemma 1 that ¢;Fd;p. is uniformly bounded in L?(0,T;(H'(Q))’). The Gron-
wall lemma then gives ii). Similar adaptations of the proof of Lemma 2 iii) al-
low to claim that ¢0;¢. and ¢d;c; . are uniformly bounded in L(0, T (WH4(€2))).
The sequential compactness of (¢¢.) and (¢c; o) in L2(0,T; (H())') follows from
Aubin’s arguments type. Since the functions ¢, and ¢; . are uniformly bounded in
L2(0,T; H'(Q)), we can pass to the limit in the products (¢¢., ¢.) and (¢c; o, ¢; o) of
L2(0,T; (HY(Q))) x L?(0,T; HY(Q)). Since ¢(x) > ¢_ > 0 a.e. in €, we conclude
that (¢.) and (c; o) are sequentially compact in L?(Qr). [ ]

3 Convergence results and proof of Theorem 2

The estimates of the previous section prove the existence of limit functions p €
L®(Qr), u € (L2(Qr))%, 0 € L0, T; L2(Q)NL2(0, T; HY(Q)), ¢ = (&, ¢1, ., en—2)
€ (L>(Qr) N LA(0,T; Hl(Q)))N_l, satisfying for extracted subsequences

pe —=p *—weakly in L™®(Qr), wu. —u weakly in (L*(Q7))?,

0. — 0 weakly in L?(0,T; H'(Q)) and a.e. in Qr,
ce — ¢ weakly in (L2(0,T; H'(2)))V ! and a.e. in Qp.

Furthermore, the functions # and c are physically relevant. Indeed, the maximum
principles of Lemmas 2 and 3 give at the limit

O(z,t) >6_ >0 ae. in Qp,

N-2
0 < é(x,t),ci(x, t) and Z ci(x,t) + é(x,t) <1 ae. in Qr.
i=1

Letting ¢ — 0 in (1.1), we get in a first step
N
1 F Orp+ ¢ F + div(u) = —g— Y _q; + Ri(¢) in Qr. (3.1)
j=1

We now study the limit behavior of the Darcy law (1.2). The main difficulty is
the degenerating of Eq. (1.1). The lack of estimate on Vp. does not allow to pass
directly to the limit in (1.2).

Lemma 3.1 The limit Darcy law is

u=-

_— in Q.
u(c,@)vP in Qp
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Proof. Let us prove that the structure of the Darcy law is conserved by the asymp-
totic process. We have to compute the limit in (L?(Qr))? of (1/u(ce,0.))Vp.. We
consider in a first step the sequence (1/+/p(ce, 0:))Vpe. It writes

1 ) 1 1
U(Ce,es)vps - le( p(ce, be) pa) o v( M(Csa‘gef)).

We now aim to pass to the limit in the terms of the right hand-side. Since
p(ee,0:) — ple,0) almost everywhere in Qr, the convergence of the sequence
div(pe/+/p(ce,0:)) to div(p/+/u(c,0)) is clear. Using Lemma 1, we note that
01 Fpe) = 01 FOipe + d1p-0cF (respectively ¢1Fp.) is uniformly bounded in
L2(0,T; (H'(2))") (respectively in L>°(Qr)). Aubin’s arguments [13] then lead to
the sequential compactness of (¢1Fp.) in L?(0,T; (H'(2))"). By Lemmas 1, 2 and
3, the function (1/+/u(ce,:))pe is uniformly bounded in L?(0,7; H*(2)). Thus,
we can compute

lim 2dxdt

/ 0 F .
=0/, V I/L(C;;"HS) :

T
. p
hm/ (01F ey ————=) (1 (0)) x 11 () 1
=0.Jo p(ce, 0:)

o F

= ——— p*dadt.

Qr (e, 0)

Since ¢1(x)F(z,t) > cpd_F_ > 0 a.e. in Qp, we conclude that

1 1 . .
M(Ca,eg)l/‘lpa — e 9)1/4]) a.e. in Qp and in LP(Q7p), Vp € (1,400). (3.2)

With the a.e. convergence in Q7 of the sequence (' (ce,0:)/p(ce, 02)%*) to its limit
1 (c,0)/p(c,0)%/4, it leads to

v ! _ 1 (cz,6:) o Mv o
P V() T e e (Ve X Vee e

1
- pV|(——
! ( p(c, 9))
in (L?(Q27))?, and then

in (L2(Q7))%

1 1
- Vp.—~———V
Vi) T e '

Besides, the Darcy law (1.2) gives at the limit

k
(e, 0)

IS
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To treat the nonlinearities in Egs. (1.3)-(1.5), we need an additional compactness
result on (pe).

Lemma 3.2 i) The sequence (p;) converges to p almost everywhere in Q.

1) Furthermore, as € — 0, we have the following strong convergence.

1
Vpe Vp strongly in (L*(7))? and a.e. in Qp.

1
Wm0 e 0)

Proof. Since p(ce,0:) — p(c, 0) a.e. in Qp with p(ce, 0:)(z,t), p(c, 0)(x,t) > p_ >0,
the first part of the lemma is proved by (3.2). We then multiply Eq. (1.1) by p.,
Eq. (3.1) by p and integrate over ; = Q x (0,¢), t € (0,7). We obtain almost
everywhere in (0,7)

/ﬁl Im,lm—*/%F umqm—/@@mews

k
+/t(ce,es)v‘ns Vpsdrds = / (@0 F _Q—ZQJ+R(05))pdeds

j=1

/¢1F |p ‘ dx — 7/ ¢1F |pzn7,t| dw—/ (b1 3tF|p\2dxds

k
+ —Vp-V dxds:/ O F —q— + R.( dxds.
/Qt eo) VPV (—pF —q qu (@)p

j=1

We substract the two relations, and let € — 0. Using the result i) of Lemma 5, we
get for almost any t € (0,7)

k k
lim / ——Vp. - Vp.dxds = / —— Vp - Vpdzxds.
=0 Jq, p(ce, Oc) Q. p(c, 0)

It allows to compute the following limit.

1 1

I k e —

2 Jo, (ﬂ(cs,ﬁe)l/zvp u(a@”ﬂp)
1 1

Vpe — 172 Vp) dxds = 0.

'@@@W? p(c, 0

With Hypothese (1.11) for k, we conclude that

1 1 1
< li i — - -
0= ), (M(cs,as)l/Z Vbe = e Vp) (u(cg,ee)m Ve
1 1 1
_ < = _
M(C,e)mw) deds k_ lim th(ﬂ(cbeg)mwg M(C,g)mw)

1 1
. Vp. — Vp | dxds = 0.
@@@W?m mww2@x5
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The proof is achieved. u

We now have the tools to pass to the limit in (1.3)-(1.5) as € — 0. We only give
some details for the salt equation (1.4). We write the nonlinear terms under the
following forms:

u, - Ve, = —k(mm) - (WV)

N
p1F e, 8tpe = —C; div(@g) - ¢8tF Ce —qCc — Ce ZQj + R;(és) Ce
j=1

N
= div(Ceu.) —u, - Vée — pOF e —qéc — e » g5+ Ry(é) ée.

Jj=1

Our compactness results are sufficient to pass to the limit in these expressions. Egs.
(1.3) and (1.5) can be treated in the same way. Theorem 2 is proved.
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